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ABSTRACT
During its 2000 January flight, the Flare Genesis Experiment observed the gradual emergence of a bipolar
active region, by recording a series of high-resolution photospheric vector magnetograms and images in the blue
wing of the H line. Previous analyses of these data revealed the occurrence of many small-scale, transient H
brightenings identified as Ellerman bombs (EBs). They occur during the flux emergence, and many of them are
located near moving magnetic dipoles in which the vector magnetic field is nearly tangential to the photosphere.
A linear force-free field extrapolation of one of the magnetograms was performed to study the magnetic topology
of small-scale EBs and their possible role in the flux emergence process. We found that 23 out of 47 EBs are
cospatial with bald patches (BPs), while 15 are located at the footpoints of very flat separatrix field lines passing
through distant BPs. We conclude that EBs can be due to magnetic reconnection, not only at BP locations, but
also along their separatrices, occurring in the low chromosphere. The topological analysis reveals, for the first
time, that many EBs and BPs are linked by a hierarchy of elongated flux tubes showing aperiodic spatial
undulations, whose wavelengths are typically above the threshold of the Parker instability. These findings
suggest that arch filament systems and coronal loops do not result from the smooth emergence of large-scale
-loops from below the photosphere, but rather from the rise of undulatory flux tubes whose upper parts emerge
because of the Parker instability and whose dipped lower parts emerge because of magnetic reconnection. EBs
are then the signature of this resistive emergence of undulatory flux tubes.
Subject headings: MHD — Sun: magnetic fields — Sun: photosphere
1. INTRODUCTION
The standard model for the formation of classical bipolar
active regions relies on the gradual emergence through the
photosphere of a more or less homogeneous large-scale sub-
photospheric flux tube, whose curvature always points down-
ward during the emergence process. During the emergence,
the upper parts of the flux tube are believed to form growing
chromospheric arch filament systems (AFSs), as observed in
H (e.g., Malherbe et al. 1998), which later result in a system
of large -loops, as observed in UV when they expand into the
corona (Magara & Longcope 2001; Fan 2001). In this frame,
the two intersections of the flux tube with the photosphere form
pores, sunspots, and faculae, with a concentrated leading re-
gion and a more dispersed trailing part (Zwaan 1985). MHD
models indeed show that a large-scale flux tube generated in
the tachocline can travel through the whole convection zone
under the action of magnetic buoyancy (Spruit 1981) and that
solar rotation deforms it during its travel, resulting in a more
concentrated and more radial flux distribution in the leading
part of the active region than in its trailing part, as observed
(Caligari et al. 1995 and references therein). Emonet & Moreno-
Insertis (1998) have shown that the flux tube must have
a certain twist in the convection zone to maintain its coher-
ency during its rise, because magnetic tension tends to prevent
the disruption of the flux tube by vertices that form in its
wake because of strong shear flows on the tube edges. Recent
2.5-dimensional MHD models that couple the subphotospheric
region and the corona show that when the twisted flux tube
reaches the photospheric layer, its passage through smaller and
smaller pressure scale heights and its arrival in a convectively
stable layer tend to decelerate its upward motion, to flatten its
upper parts (leading to nearly uncurved and horizontal mag-
netic fields), and eventually to stop its emergence, which in fact
only continues because of the development of a magnetized
Rayleigh-Taylor instability (Parker 1966) in the upper parts
of the flux tube (Magara 2001).
Unfortunately, in MHD calculations the whole flux tube
never emerges: Magara (2001) shows in 2.5 dimensions that
after some time, small-scale spatial undulations develop in the
photosphere that eventually stop the Parker instability and thus
the emergence, because magnetic tension locally balances the
buoyancy. The situation seems less dramatic in three dimen-
sions, but even there, Magara & Longcope (2001) and Fan
(2001) show that the bottom of the flux tube never emerges
because of the very dense material that is trapped in the dipped
portions of the magnetic twisted field lines. In both cases, the
question that finally arises is how can dipped field lines (also
called U-loops) emerge through the photosphere?
The objective of this paper is to address this question by
analyzing some data obtained from the balloon-borne Flare
Genesis Experiment (FGE) during the emergence of a young
active region. Using the same FGE data set, Georgoulis et al.
2002 (hereafter GRBS02) and Bernasconi et al. (2002) have
shown that many small-scale, intermittent H brightenings,
called Ellerman bombs (EBs), occurred during the emergence
phase. They analyzed their relationship with the underlying
1 Also at Institute of Theoretical Astrophysics, University of Oslo, Blindern,
N-0315 Oslo, Norway.
1099
The Astrophysical Journal, 614:1099–1112, 2004 October 20
# 2004. The American Astronomical Society. All rights reserved. Printed in U.S.A.
photospheric magnetic field, and they proposed two trigger-
ing scenarios for EBs implying reconnection. In this paper,
we pursue the analysis of these EBs with a calculated three-
dimensional magnetic field model, and we address the follow-
ing three issues: What is the magnetic topology of EBs? Can
EBs be sympathetically linked to one another, and why? What
is their relation with the flux emergence on the larger scale of
the active region?
Here we recall what EBs are, and we briefly review the cur-
rent understanding of their physical processes. EBs (Ellerman
1917), also known as moustaches because of the shape of
their spectral profile in H , are small intermittent brightening
events that are observed in H wings (1–10 8) within young
emerging active regions, in particular around their sunspots and
under their growing AFSs. EBs have a typical length of 100
(Kurokawa et al. 1982), are commonly elongated (their di-
mensions are 1B1 ; 1B8), and are associated with photospheric
downflows. Their loci follow the transverse mass flows on
the photosphere (GRBS02). Their lifetime depends on the
observation cadence, but Qiu et al. (2000) have shown that
their brightening lasts about 10–20 minutes. EBs can some-
times be associated with chromospheric surges and with
parasitic polarities whose vertical magnetic field is opposite
in sign to the larger scale surrounding magnetic field (Rust
1968). EBs are also observed in other wavelengths: in 3840 8
as bright features in the network (Vorpahl & Pope 1972) and
in 1600 8; the latter observations are all well correlated with
H EBs (Qiu et al. 2000; GRBS02). These events occur at
the temperature-minimum region, which is at a small height
difference (100 km) from the location of EBs. GRBS02 re-
cently found that EBs occur in clusters that exhibit fractal
properties, and their typical parameters obey power-law dis-
tribution functions, as in case of flare events, with an index
of approximately 2.1 in the case of EBs. The total energy
of a typical EB is estimated in the range [1027, 1028] ergs, which
indicates that EBs are subflaring events, and their tempera-
ture enhancement in the radiative volume is 2 ;103 K. The
mechanism of formation for EBs is still controversial. Different
possibilities have been proposed, based on the existence of
individual flux tubes with funnel effect (Kitai & Muller 1984)
and magnetic reconnection. About the latter mechanism a first
question comes up: where does the magnetic reconnection
occur? In a reconnection model in the high corona, EBs would
be associated with increases of temperature in the corona, but
they are not observed. He´noux et al. (1998) proposed that at
the reconnection site, there is a strong emission of particles
whose impact with the low chromosphere leads to heating of its
dense plasma. More recently, Chen et al. (2001) have presented
numerical simulations of magnetic reconnection occurring in
the deep atmosphere, based on a previous work by Li et al.
(1997) on magnetic reconnection in a weakly ionized plasma.
Litvinenko & Somov (1994) have proposed the occurrence
of magnetic reconnection at the temperature minimum in the
case of the formation of prominences. GRBS02 have shown
that EBs occur and recur in preferential locations in the low
chromosphere, mostly above, but also in the absence of, pho-
tospheric neutral lines. GRBS02 have presented different pos-
sible scenarios showing how magnetic reconnection could
occur in different magnetic configurations, either in separatrices
associated with field lines tangential to the photosphere on the
edge of neutral lines—defined in this paper as ‘‘bald patches’’
(BPs; Titov et al. 1993)—or at the interfaces of different
magnetic flux systems separated by quasi-separatrix layers
(defined in Priest & De´moulin 1995 and De´moulin & Priest
1997). Bernasconi et al. (2002) studied peculiar moving di-
polar features, using data from the FGE, as well. They pro-
posed a U-loop model around the moving dipolar features,
with emerging flux ropes still tied to the photosphere by
trapped dense plasma.
The plan of the paper is as follows. In x 2, we describe the
treatment that we applied to an FGE vector magnetogram and
the modeling procedure to calculate the magnetic field above
the photosphere. In x 3, we calculate the magnetic topology
around EBs, and we statistically analyze the relations between
the observed EBs and BPs (calculated from either the observed
vector magnetogram or the extrapolated magnetic field) and
the calculated magnetic separatrices. We then describe a re-
connection scenario for EBs that is consistent with the obser-
vations. In x 4, we analyze the magnetic connections between
various EBs. Through the model we provide evidence for the
occurrence of several long, serpentine flux tubes, and we an-
alyze their hierarchical organization with altitude. In x 5, we
discuss the results in the frame of large-scale flux emergence
through the photosphere. Section 6 provides a summary of the
whole paper.
2. FROM PHOTOSPHERIC VECTOR MAGNETIC FIELDS
TO CORONAL FIELDS
The data used in this work were collected during the 2000
January FGE flight (Bernasconi et al. 2000, 2001). FGE is
a balloon-borne 80 cm Cassegrain telescope with an f /1.5
ultralow-expansion glass primary mirror and a crystalline sil-
icon secondary mirror. The observations were obtained through
a polarization analyzer unit to give the four Stokes parameters
in the red and blue wings of the Ca I line at 6122.2 8. Un-
polarized observations were sequentially obtained at 0.8 8 in
the blue wing of the H line at 6562.8 8.
NOAA Active Region (AR) 8844 appeared on 2000 Janu-
ary 23, and rapid growth of emerging flux in its center was
observed early on 2000 January 25, characterized by fast-
moving mixed polarities with a horizontal flow of 0.3–0.8 km
s1 (Bernasconi et al. 2002). FGE observed NOAA AR 8844
on January 25 between 15:50 and 19:16 UT. It obtained 55
vector magnetograms, 28 Dopplergrams of the photosphere,
and 28 H 0.88 filtergrams of the low chromosphere. The FGE
magnetograms were calibrated by comparing the longitudinal
and transverse fields with the magnetic field maps obtained by
the Imaging Vector Magnetograph (IVM; Mickey et al. 1996).
Extended information about the data acquisition, the data re-
duction, and the resolution of the 180

ambiguity can be found
in Bernasconi et al. (2002). Schmieder et al. (2004) have used
these data, as well as Yohkoh (Tsuneta et al. 1991), Solar and
Heliospheric Observatory (SOHO; Scherrer et al. 1995), and
Transition Region and Coronal Explorer (TRACE; Handy et al.
1999) observations, in order to provide a unified scenario of
the magnetic evolution and the energy released in this active
region. In the following we only focus on a data set corre-
sponding to a snapshot of the evolution of the active region. We
use the magnetogram taken at 17:52 UT and the H filtergram
taken at 17:56 UT.
2.1. Reconstruction of the Photospheric Vertical Field
The FGE magnetic vector data are given in the observer
coordinate system: the longitudinal field gives the strength of
the magnetic field along the line of sight, the zenith angle is
the angle between the field vector and the line of sight, and the
azimuth angle gives the direction of the projection of the field
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vector on the plane perpendicular to the line of sight. In order
to extrapolate the magnetic field above the active region, we
need to know the magnetic field vector, expressed in the he-
liographic system of coordinates. Extrapolations often use the
longitudinal field as a boundary condition, but the vertical
field is essential to determine where there are structures such
as fields tangent to solar surface.
On 2000 January 25, NOAA AR 8844 was located at N5

E30

, and the solar disk center longitude was S5N5. The FGE
images must be rotated by 62 counterclockwise with respect
to the heliocentric reference system. Thus, the reference sys-
tem transformation matrixM (Gary & Hagyard 1990) to pass
from the FGE image reference system to the heliospheric ref-
erence system is
M ¼
0:36 0:79 0:50
0:85 0:50 0:17
0:38 0:36 0:85
0
B@
1
CA: ð1Þ
It appears that the normal field distribution is more complex
than the longitudinal one in the interspot area. This is partly
due to the fact that the normal field takes into account the
transverse field, which is noisier than the longitudinal field.
Nevertheless, near the leading spot, the normal field magne-
togram presents some small-scale polarity reversals that are
above the normal field noise threshold. These polarities, which
were not conspicuous in the longitudinal magnetograms, will
be important for the comparison of the modeled field topology
with the EBs located in this region.
The FGE field of view is relatively small (9200) and does
not contain the entire flux-balanced magnetic configuration
of the active region. This limitation forbids the use of the
FGE magnetogram alone as boundary conditions for a mag-
netic extrapolation. Since the FGE calibration procedure uses
IVM magnetograms as a reference (Bernasconi et al. 2002),
we included the FGE normal magnetogram in a larger IVM
longitudinal magnetogram taken the same day at 18:00 UT
(8 minutes later than the FGE magnetogram). It allows us to
have a larger field of view with a very small spatial scale and
the normal component of the field vector in the center of the
active region, where the flux emergence takes place. This com-
posite magnetogram is used for extrapolation in x 2.2. Because
our extrapolation code only accepts a limited input data size,
we had to rebin the image; thus, our new magnetogram has a
typical pixel size of 0.31 Mm (the original FGE pixel size is
0.13 Mm). This is still lower than the FGE actual spatial res-
olution, which is 0.36 Mm for magnetograms.
2.2. Extrapolation
We used the linear force-free approximation to extrapo-
late the field with the Fast Fourier Transform (FFT) method
(Alissandrakis 1981; De´moulin et al. 1997). In this approxi-
mation the equation for the field is
Bþ 2B ¼ 0; ð2Þ
where  is the force-free parameter, assumed to be constant
in the entire region. Using the vertical magnetic field as the
boundary condition, we calculate the three-dimensional linear
force-free magnetic field in the active region atmosphere.
For the extrapolation, the vertical magnetogram is included
in a box with Lx ¼ Ly ¼ 160 Mm and Lz ¼ 60 Mm (z ¼ 0
corresponds to the photosphere, and the center of the box
corresponds to the center of the active region). The Fourier
transform is done using nx ¼ ny ¼ 1024 points. The results are
saved on a nonuniform mesh with nx ¼ ny ¼ 401, nz ¼ 60,
with cell sizes (in Mm) varying from (0.25, 0.25, 0.02) to
(0.6, 0.6, 5.6). The size of the cell in the center of the active
region is sufficiently small to resolve the small-scale polarities
observed.
For this size of the box the maximum j j we can use to
ensure that the field is asymptotically null with increasing
height is
maxj j ¼ 2
Lx
¼ 3:92 ; 102 Mm1: ð3Þ
Here  is the free parameter of our extrapolation. It is
chosen so that the electric currents of the extrapolation best fit
the active region real electric currents. We used two ways to
find  :
1. We first compared the extrapolated and observed hori-
zontal fields (the component of the field tangential to the
photosphere, at the level of the photosphere). We selected the
value of  for which the orientation of the extrapolated hori-
zontal field best matched the orientation of the observed hori-
zontal field, especially in the interspot region. The comparison
was restricted to horizontal fields stronger than 200 G (well
above the noise threshold). Figure 1 compares the observed
horizontal field with the best-fit extrapolated one. The differ-
ences between the observations and the extrapolation can be
explained by different facts: in the observations there may be
a relatively important error on the azimuth angle—and con-
sequently for the tangential field—in weak-field regions.
Bernasconi et al. (2002) gives an average error of 12N2 for a
transverse field of 200 G. For extrapolation, our code assumes
periodic boundary conditions, which induce a multipolar en-
vironment on large scales that modifies the field topology, es-
pecially near the sides of the box. The extrapolated horizontal
field best matches the observed one for a force-free parameter
 f :
 f ¼ 2:2 ; 102 Mm1: ð4Þ
In order to confirm this value, we have used an algorithmic
method (the minimum residual method described in Leka &
Skumanich 1999) to compute the value of  that minimizes
the difference between the FGE observed horizontal field
and the horizontal field extrapolated using the IVM longi-
tudinal magnetogram. This method gave an  equal to 2:07 ;
102 Mm1, which is only 7% less than the value we found
with the FGE magnetograms.
2. Then we tried to fit the low EUV loops of TRACE with
some extrapolated field lines computed with the force-free pa-
rameter f (see Fig. 2). Matching field lines with observed EUV,
X-rays, or H loops is a common method used to constrain the
force-free parameter (see, e.g., Schmieder et al. 1997). Since
EUV loops are structures located in the corona, this method
tends to give an accurate extrapolation of the magnetic field
above the photosphere. Because we focus on low-lying mag-
netic features in the following, we used this method only sec-
ondarily. Looking at the horizontal field first, we make sure that
the force-free value we use gives a good fit to low fields. How-
ever, with  f , we see that the TRACE loops can be very well
fitted by field lines in the center and in the southern part of
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the active region. Schmieder et al. (2004) have shown that
the highest loops and the northern loops of the region were
best fitted with a lower parameter:  ¼ 9:4 ; 103 Mm1. This
shows that the hypothesis that the whole region has the same
twist is not perfectly true, which is not surprising, since  is
strictly constant only along a field line. Schmieder et al. (1996)
had already pointed out the existence of a gradient in the
magnetic shear above an active region. But since the lines
computed with  ffit well the central low loops, where our study
takes place, we keep this value of the twist for the following.
We wish to point out that the linear force-free field (LFFF)
approximation may not a priori give a good representation of
the magnetic field at low altitudes: in the photosphere and
chromosphere, pressure and gravity can substantially modify a
force-free field, since  1. Linear magnetohydrostatic models
could have been computed, but we did not use them for two
reasons: first, Aulanier et al. (1998) have shown that these
models did not significantly affect the BP topologies; second,
we wanted to highlight purely magnetic effects. In this context,
nonlinear force-free field models should be used. But we chose
to restrict ourselves to the linear approximation because of the
strong efficiency of the Fourier transform method in dealing
with the very small-scale features that we are interested in, as
opposed to numerical finite-difference methods that are re-
quired to compute nonlinear models, which typically require
many more grid points than we used and have never been
tested at this high spatial resolution and with BP topologies
(see, e.g., Re´gnier et al. 2002 for an application to large-scale
coronal structures).
Fig. 2.—(a) Extrapolated field lines on a TRACE image (inverse color table) taken at 171 8 on 2000 January 25 at 18 :02 UT. The thick lines fit the TRACE loops
best. (b) Projection view of the extrapolated field lines. On the base plane, the thin solid (dashed) lines represent isocontours of the vertical component of the
magnetic field of 50, 300, 900, and 1800 G positive (negative) values.
Fig. 1.—(a) Observed horizontal field. The background image is the Bz magnetogram, as deduced from the FGE magnetogram. (b) Extrapolated horizontal field
on the vertical field magnetogram used as an input in the extrapolation. One notes the inclusion of the FGE magnetogram in the IVM magnetogram. In both panels
the arrows give the orientation of the horizontal field, and their length is proportional to the logarithm of the field amplitude. These arrows are only plotted in regions
where the total field is stronger than 200 G.
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3. ELLERMAN BOMBS AND MAGNETIC TOPOLOGY
3.1. Bald Patches
Separatrix surfaces are locations where current layers might
be formed, and thus where reconnection can take place.
Classically, a separatrix is a three-dimensional surface defined
by all the field lines passing through one null point. If there are
no null points, another class of separatrix can be considered:
they are defined by field lines passing through BPs (Titov et al.
1993). BPs are regions where the vector field is tangent to the
boundary ( photosphere) along a magnetic inversion line. On a
BP the field line curvature must be positive, so a BP is a region
of the photosphere (z ¼ 0) where
Bz ¼ 0 and B =:Bz > 0: ð5Þ
If the field satisfies the above condition at a point above the
photosphere, this point is called a magnetic dip.
The separatrix field lines passing through these BPs are
likely sites for magnetic reconnections (see, e.g., Low &
Wolfson 1988). This issue has been disputed by Karpen et al.
(1991), who have shown that the thickness of the low chro-
mosphere can prevent thin current sheets from forming in such
configurations. But Billinghurst et al. (1993) have explained
why strong currents can still develop—at least—near the foot-
points of the separatrix, because of the strong concentration
of the flux tubes in these regions. In addition, Delanne´e &
Aulanier (1999) provided analytical arguments in favor of cur-
rent sheet formation right above BPs, since gravity can result in
a quasi–line tying in a concave field line located in a photo-
sphere that is denser than the atmosphere considered in Karpen
et al. (1991). Finally, extrapolated BPs have already been re-
lated to various types of observed flares (e.g., Aulanier et al.
1998; Fletcher et al. 2001; Mandrini et al. 2002; Wang et al.
2002), which adds observational evidence in favor of recon-
nection along BP separatrices. In this frame, we wish to com-
pare the EB positions with BPs and separatrix footpoint
positions.
3.2. Ellerman Bomb–Bald Patch Correlation
The H observations reveal the occurrence of numerous
EBs in the interspot region of NOAA AR 8844. In order to
determine how many EBs can be found in the 17:56 UT H
filtergram, two simple methods can be used. GRBS02 relied
on the contrast, Ic xð Þ ¼ I xð Þ  I0½ =I0, calculated for each lo-
cation to identify individual EBs: I xð Þ is the intensity of a
pixel with vector position x and I0 is the background mean
intensity averaged over the whole field of view. An EB is
considered to exist where the contrast is above a fixed thresh-
old. At 17:56 UT, one can detect six EBs for a threshold of
0.08 (i.e., the intensity of the EB must be at least 8% above
the background). For a threshold of 0.04, 38 EBs can be
detected.
But the mean threshold value method tends to neglect
EBs that could occur where the local background is darker
than the mean background. These EBs would create a local
enhancement of brightness, but if the intensity is not above
the threshold, these EBs would not be detected. We finally con-
sider 47 EBs with the local contrast enhancement method.
For these EBs the contrast with the local background is above
0.04, using a definition similar to that for the mean threshold
method.
In Figure 3a, we first compare the EB position with the BPs
directly computed using the observed vector field (Bx , By, Bz)
(we refer to these BPs as ‘‘observed BPs’’ in the following). The
BPs are computed on a mesh whose typical cell size is 0.1 Mm,
which is smaller than the field data resolution. For the com-
putation of BPs the field is linearly interpolated between cells
of the extrapolation. Then, in Figure 3c, we compare the EB
locations with BPs computed from the extrapolated field (these
BPs are named ‘‘extrapolated BPs’’). The extrapolated and
observed BPs are only computed in regions where the tangen-
tial magnetic field is stronger than 200 G, well above the noise
threshold, to improve the signal-to-noise ratio.
There are some differences between these two figures
(Figs. 3a and 3c). Figure 3a presents a sparser distribution of
BPs than Figure 3c. This is mainly due to the fact that when we
compute the BPs directly from the observation the magneto-
gram pixel size is half that of the extrapolated magneto-
gram. The BP distribution given by the extrapolation is thus
smoother than the one obtained directly from observations.
Despite this difference, the location of the large groups of BPs
is in a rather good agreement between the extrapolation and
the observation.
In Figure 3b, we can see that 35 out of 47 EBs (74%) are
associated with observed BPs. We only associate an EB with
a BP if both are strictly cospatial. The typical velocities of
horizontal motions being 1 km s1, the plasma could have
moved about 0.24 Mm during the 4 minutes that separate
the H image and the magnetograms, which is less than the
spatial resolution of the H image (which is 0.58 Mm). Thus,
only a BP located in the emission area of the EB can be linked
to this EB. That is why we decided not to associate the bright
EB in the center of the rectangle in Figure 3c with the really
close BPs. Figure 3d shows that 23 EBs coincide with ex-
trapolated BPs. The observed and extrapolated BPs disagree
for 16 EBs (i.e., the EBs that are related to either observed or
extrapolated BPs).
In these figures, one can notice the existence of some BPs
near the leading spot, in the region delimited by a rectangle in
Figure 3a. These BPs are due to the presence of small neg-
ative polarities that were not present in the longitudinal field.
More interesting is the fact that some EBs are located on
some of these BPs. Using line-of-sight vector magnetograms,
GRBS02 supposed that the EBs located in this region were
triggered by the interaction of two topologically different,
unipolar, magnetic configurations (see Fig. 12c in GRBS02).
One can see that the use of heliographic magnetic field com-
ponents may explain the triggering of some of these EBs by
the same mechanism as for the EBs located in the interspot
region.
By computing the observed BPs at three other times,
we have found some similar results, which are presented in
Table 1. The first column gives the times of the H filter-
grams. The time of the vector magnetograms is given in the
second column. The third column indicates the total number
of EBs detected for each H image, and the fourth column
gives the number of EBs that can be spatially related to BPs
directly computed with the magnetograms. The fifth column
gives the ratio of the number of EBs that can be linked with
observed BPs to the total number of EBs. The spatial corre-
lation between the EBs and the BPs directly computed from
the observation is always between 70% and 75%.
3.3. Ellerman Bomb–Separatrix Footpoint Correlation
With the extrapolated field it is possible to compute the
separatrices associated with the extrapolated BPs. The latter are
shown in Figure 4a. Thus, we can compare the EB positions
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Fig. 3.—Background: The 17:56 UT FGE H 0.8 8 image. See x 3.2 for the EBs located in the rectangles. (a) Observed BPs (dots), directly computed from the
observed full vector field. (b) Correlation between EBs and observed BPs. The 35 circles represent the EBs that coincide with a BP directly computed from the
observation, and the 12 squares show EB locations were no BP can be found. (c) Extrapolated BPs (dots) computed with the extrapolated field. (d ) Correlation
between EBs and extrapolated BPs. The symbols are the same as in (b): 23 circles and 24 squares.
TABLE 1
EBs Associated with (,) Observed BPs on 2000 January 25
H Filtergram
(UT)
Magnetogram
(UT) Total EBs EBs , Obs. BPs
(EBs , BPs) / Tot. EBs
(%)
16 :25 ............................ 16 : 27 40 28 70
16 :47 ............................ 16 : 49 44 33 75
18 :49 ............................ 18 : 50 42 31 74
17 :56 ............................ 17 : 52 47 35 74
Note.—Obs. BPs: observed BPs.
with the positions of the extrapolated BPs and the locations of
the footpoints of the associated separatrices, which are prefer-
ential sites for reconnection. Among the 47 EBs that we se-
lected, 23 are on extrapolated BPs. Among the 24 remaining
EBs, 15 are located near the footpoints of separatrices associ-
ated with BPs. Only nine EBs (less than 20%) are not related
to any specific topological magnetic feature.
To assure ourselves that our results about the correlation
between magnetic features and EB are not coincidental, we
compared the distribution of extrapolated BPs and separatrix
footpoints with random distributions of EBs (a so-called
Monte Carlo test). We created 30 artificial H images. Each
image contains 47 EBs randomly distributed in the interspot
region whose area is the same as the mean area of the real EBs
(1B1 ;1B8; see GRBS02). For random distributions of EBs, we
found that on average 30% of EBs can be associated with
extrapolated BPs, only 20% can be associated with separatrix
footpoints, and 50% cannot be linked with any magnetic
feature. Even in the case that gives us the strongest correlation
between random EBs and extrapolated magnetic features, we
did not reach the value of 80% correlation that we obtained
between extrapolated BPs and H observations. The same
kind of Monte Carlo test has been made for the observed BP
distribution. With 47 randomly distributed EBs, an average of
Fig. 4.—Background: The 17:56 UT FGE H 0.8 8 image. (a) Extrapolated BPs (blue dots) and the footpoints of the field line passing by these extrapolated BPs
(red dots). (b) Correlation between EBs, extrapolated BPs, and the separatrix footpoints associated with the BPs. The 23 blue circles represent the EBs associated
with (,) extrapolated BPs (see the circles in Fig. 3d ); the 15 red circles are for the EBs that can be associated with separatrix footpoints; the nine yellow squares are
for the EBs not associated with any special magnetic feature. (c) Synthesis of the three previous BP computations: the 21 blue circles are for the EBs related to BPs
in both the observations and the extrapolation; the three green circles are for the EBs that can be associated with an observed BP but with no extrapolated magnetic
features; the 11 pink circles are for the EBs that coincide with an observed BP and the footpoint of an extrapolated separatrix (but not to any extrapolated BP); the
two light blue squares are for the EBs related to extrapolated BPs but not to observed BPs; the four red squares are for the EBs linked only with footpoints of
extrapolated separatrices (and not to any observed or extrapolated BP); the six yellow squares are for the EBs that can be associated with no observed or extrapolated
special magnetic feature.
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23 EBs (50%) are cospatial with observed BPs, which is
significantly less than the result given with the observations.
In Figure 4c and Table 2, we summarize the results of the
previous BP and separatrix computations. Among the 16 EBs
for which there was a disagreement between the two methods
we used (observation and extrapolation), one can see that 11EBs
that could be associated with observed BPs but not with ex-
trapolated BP can be linked with separatrix footpoints in the
extrapolation. That suggests that the lack of resolution in the
extrapolated magnetogram may be accountable for this differ-
ence, especially if we consider the serpentine field topology
described in x 4: a BP that is normally linked to other BPs and
is not detected as a BP in the extrapolation will be located really
close from a separatrix footpoint.
Only six EBs out of 47 were not related to any kind of BP
or separatrix. The lack of relationship between these EBs and
any magnetic feature may be due to the difference in time
between the H image and the magnetograms—4 minutes.
This slight mismatch may be due to local strong departures
from the LFFF approximation (see x 3.2). Another possibility
may be a different reconnection process that does not need the
presence of BPs. However, 87% of the EBs (41 out of 47) are
directly related to preferential sites of reconnection. This
clearly emphasizes the close link that exists between EBs and
BP field lines. EBs seem to be subflares associated with BP
reconnection sites. Thus, what we present here is strong evi-
dence for reconnection taking place in the low chromosphere.
4. SERPENTINE FIELD LINES
4.1. Undulatory Connections
By studying the photospheric plasma motions in an active
region, Strous (1994) showed an area where the plasma pre-
sented an interesting pattern: parallel bands, perpendicular to
the emerging flux, of successive downflows and upflows. This
suggested that the magnetic flux did not emerge in the shape
of an -loop, but rather presented some undulations. We
studied the magnetic topology of the center of the active re-
gion, in order to investigate whether the low field lines present
this specific serpentine shape. Because parts of the undulatory
field lines must have a U-loop shape typical of the field lines
passing through BPs, we computed the separatrix field lines
associated with each BP in the active region to see if some of
them present a serpentine form, i.e., if some of these field lines
are passing through several BPs or low-lying dips.
With the 17:52 UT magnetogram, we identify at least six
groups of undulatory flux tubes (or serpentine field lines)
connected to several points of the photosphere or low chromo-
sphere (z < 1 Mm). Indeed, the serpentine lines often go
through dips located in the lower part of the chromosphere,
never more than 0.5 Mm high and very often less than
0.2 Mm. In this region  is still important, and consequently
the magnetic field line motions are due to the plasma motions,
as in the photosphere. Metcalf et al. (1995) have shown that
in an active region, the field only becomes force-free above
0.4 Mm high. Consequently, the physics of these low-lying
dips is very similar to the physics around photospheric BPs.
4.2. Examples of Serpentine Field Lines
In the following we display three examples of these ser-
pentine field lines—Figures 5, 6, and 7—and show how they
are related to other chromospheric features, such as EBs.
Figure 5 presents the first example of an undulatory flux
tube. This very flat serpentine line goes through two BPs (BP 1
and BP 2) and two low-lying dips (BP 3 and BP 4). It is 20 Mm
long, and its maximum height is 1.3 Mm. Figure 5a shows that
this serpentine line is connected to a border of the supergranule
(at BP 4) and is also linked to one of the moving dipolar
features studied by Bernasconi et al. (2002). In Figure 5b, we
can see that BP 2 and BP 4 are located at the exact positions of
EBs and that some of their footpoints are over one bright EB
near the trailing spot.
In Figure 6, we can see another serpentine field line. This
group of field lines is about 30 Mm long and 1.7 Mm in height
at its top. The serpentine line goes through two BPs (BP 6 and
BP 9) and three dips (BP 5, BP 7, and BP 8). Figure 6b shows
that BP 5, BP 6, BP 8, and BP 9 are close to EBs. The foot-
points of the BP separatrix (and especially the footpoints near
the trailing spot) are on EBs, too.
The third example of undulatory flux shows this close con-
nection between EBs and emergent flux tubes, too. This ex-
ample is presented in Figure 7. This small serpentine line has
one BP (BP 10) and one dip (BP 11). It is 15 Mm long and
2 Mm high. What is particularly striking about this example is
the similarity between the shape of the field line and the posi-
tions of a series of EBs. In Figure 7b, one can see that BP 10
and BP 11 are located around some EBs that present a V-shape.
The serpentine field line has exactly the same V-shape. This
clearly emphasizes the close link between EBs and serpentine
field lines.
The fact that several EBs cospatial with BPs that are mag-
netically linked by the same field line might suggest that the
EBs can be sympathetically linked. Since the temporal reso-
lution of our data is not sufficient to study the exact tempo-
ral triggering of the different EBs located along a unique field
line, it is impossible for us to go beyond this suggestion.
4.3. Serpentine Field Line Envvironment
Figures 6c, 6d, 7c, and 7d allow us to understand better the
magnetic topology in the neighborhood of serpentine lines.
All represented lines are separatrix lines, passing through one
or several BPs. Under the folds of serpentine lines there are
small lines ( yellow lines) connected to the photosphere by one
or two BPs. These lines rarely exceed 5 Mm in length. Over
serpentine lines, there are some BP-connected field lines, too
(green lines). These lines are 20–35 Mm long and 2–10 Mm
high and are formed of two very asymmetric lobes. Serpentine
field lines are lying under the biggest lobes of these sep-
aratrices; that is why we refer to them as ‘‘domes’’ in the
following. This complex topology, as shown in Figure 8, is
summarized in Figure 9.
5. THE NATURE OF FLUX EMERGENCE
As pointed out in x 1, MHD simulations show that
the emergence of a magnetic flux tube from beneath the
TABLE 2
Summary of EB Correlations
Category Total EBs , Obs. BPs EBsb Obs. BPs
All EBs ....................... 47 35 12
EBs , extra. BPs....... 23 21 2
EBsb extra. BPs...... 24 14 10
EBs , sep. ............. 15 11 4
EBsb sep. ............ 9 3 6
Note.—Obs. BPs: observed BPs; extra. BPs: extrapolated BPs; sep.:
separatrix footpoints. The symbols , and b mean ‘‘associated with’’ and
‘‘not associated with,’’ respectively.
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photosphere is not simple: first, Magara (2001) shows that
the emergence stops after some time because the flattened
emerging flux tube becomes stable to the Parker instability; and
second, Fan (2001) shows that the emergence of the lower
(dipped) parts of an emerging twisted flux tube is impossible
because of the weight of the subphotospheric trapped plasma.
In the following, we explain how our results suggest the way the
Sun resolves both these difficulties.
We found a hierarchy of serpentine, undulatory flux tubes
located below chromospheric altitudes. This hierarchy can sug-
gest that the field lines located at increasing altitudes represent
different stages of a gradual flux emergence. Small arcades
separated by BPs gradually rise from the photosphere and form
longer and longer arcades when they reach the chromosphere.
They finally rise in the low corona, forming the observed elon-
gated AFSs. Two questions naturally arise from this scenario,
which follows from the difficulties addressed above: why do
the flux tubes have undulatory shapes at low altitude, and how
can they dispose of the dense material trapped in (and below)
their photospheric dips (i.e., BPs)?
The answer to the first question lies in the wavelengths of
the spatial undulations of the serpentine field lines, which are
given by the distances between two BPs taken sequentially
along the flux tube. These distances can be typical of either
convective scales present between both sunspots of the active
region—such as 1 Mm for granulation and 10 Mm for super-
granulation—or of some MHD instability. In the first case,
convection is the main driver of undulations, whereas in the
Fig. 5.—First example of an undulatory flux tube: only one field line of the serpentine flux tube (red line) is represented on these figures. The blue dots (denoted
BP 1–BP 4) represent the BPs and dips through which the serpentine line is passing. (a) Position of the undulatory field line on the vertical magnetogram.
(b) Positions of the footpoints of the serpentine line (red dots) on the H 0.8 8 filtergram. In (c) and (d), a multiplicative factor of 3 for vertical extension of the field
line is used for a better viewing of the configuration. (c) Projection view of the undulatory flux. On the base plane, the isocontours represent Bz z ¼ 0ð Þ ¼ 50, 300,
900, and 1800 G, pink for positive and blue for negative values. The base plane boundaries are represented in (a) and (b). (d) Side view of the undulatory field line.
The height of the BPs and dips are indicated in Mm.
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second case the serpentine shape originates from some insta-
bility, which has to be identified. The flux tube must be less
dense than the surrounding medium, to ensure that buoyancy
made possible its rise through the convection zone (see, e.g.,
Caligari et al. 1995); in addition, it is probably very flat, with
mostly horizontal magnetic fields below the photosphere
(Magara 2001). So in the absence of magnetic field, the upper
interface between the subphotospheric flux tube and the pho-
tosphere should be Rayleigh-Taylor–unstable to any perturba-
tion of any wavenumber kx , where x (z) is the horizontal
(vertical) direction. Qualitatively, this horizontal interface can
be stabilized by magnetic forces for perturbations having high
kx , resulting in highly curved field lines whose magnetic tension
can prevent the instability from developing. Quantitatively,
there is a critical wavenumber kcx belowwhich magnetic tension
is not sufficient to prevent the instability: this is the Parker
instability (Parker 1966). The value of kcx can be evaluated by
linearizing the Euler equation, assuming total pressure balance
and constant temperature between the inner and the outer parts
of the flux tube. It gives
kcx ’ 1= 2Hð Þ; ð6Þ
where H is the pressure scale height. These assumptions lead
to a result that is independent of the magnetic field amplitude,
because the latter is directly related to the density depletion in
the flux tube (see, e.g., Magara 2001). Using a typical photo-
spheric temperature (T ¼ 5800 K), one then finds that un-
dulatory flux tubes will be Parker-unstable if their wavelength
kx satisfies
kx > 4H ’ 2 Mm: ð7Þ
Among the six identified serpentine lines in our extrapolation,
we measured 29 values for kx , which are plotted in the form
Fig. 6.—Second example of an undulatory flux tube. Panels and symbols are as in Fig. 5. In (c) and (d ), in addition to the main serpentine line (red line), other
field lines passing through BPs are shown: the yellow lines are located beneath each fold of the serpentine line; the green line is above the main serpentine field line.
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of a histogram in Figure 10. Even though one small peak is
identified around 8 Mm (which is the size of the small su-
pergranule on the eastern side of the trailing sunspot), there is
a very clear asymmetric peak around 3 Mm that has a sharp
cutoff for values below 2 Mm. This cutoff does not come from
a coarse spatial resolution, since the FGE resolution was 0B5
and the extrapolation was calculated with the FFT on a uni-
form mesh with 0.16 Mm cell1 and analyzed on a non-
uniform mesh of 0.25–0.42 Mm cell1 between the two
sunspots. Even though the statistics are not absolutely suffi-
cient, this distribution very clearly supports that the Parker
instability is at the origin of the emerging undulatory flux
tubes, with wavelengths that are larger than those developing
in the MHD calculations of Magara (2001) after his flux tube
stopped emerging. Our results are then consistent with the
persistence of the Parker instability at small scales in the early
stages of active region emergence. They are also consistent
with the results of Bernasconi et al. (2002), who found that the
EBs were associated with moving dipolar features. They show
that a pair of moving features were constantly separated by
3 Mm during the whole time of observation.
The answer to the second question is given by the good
correlation that we found between EBs and BP separatrices,
calculated from either the vector magnetogram or the magnetic
field extrapolation. This suggests that impulsive, resistive ef-
fects do occur in the photosphere in field lines that have por-
tions tangential to the photosphere, i.e., in field lines having
dips that are filled by dense subphotospheric material. The
material flows along the serpentine field lines down into the
dips. This agrees with the observation of GRBS02 that more
than 80% of EBs are associated with downflows. This is also
consistent with the results of Bernasconi et al. (2002), who
found that the moving dipolar features (which present a BP
topology) they studied had a net downflow, whereas the region
between the moving dipolar features presents an upflow (see
Fig. 9 in Bernasconi et al. 2002).
Even though our work does not address the details and the
precise altitude of the resistive effects, the associated magnetic
Fig. 7.—Third example of an undulatory flux. Panels and symbols are as Fig. 5, except for (a), where the background image is an H 0.8 8 filtergram. In the
small rectangle one can note the V-shape of the EBs, which matches the shape of the field line.
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reconnection is a good mechanism for restructuring the field
lines so that the dense material stays below in small recon-
nected field lines, whereas the large reconnected field lines,
released from their weight, get detached from the photosphere
and become free to expand. In the case of serpentine field lines,
where several BPs are well matched with EBs, we conjecture
that local reconnections occur more or less sequentially all
along the flux tube, at every BP, so that the serpentine field
lines gradually become a standard -loop.
In conclusion, our results on the shape of serpentine lines
and on their association with chromospheric brightenings is
strong evidence in favor of a multistep flux emergence and
-loop formation process: once the subphotospheric large-
scale flux tubes becomes flattened and stop their large-scale
emergence, small-scale undulations develop and emerge be-
cause of the Parker instability. Then magnetic reconnection
proceeds at low altitudes in BP separatrices, allowing the re-
lease of the dense material that prevents the emergence of the
whole flux tube, so that all the small-scale emerged flux tubes
sequentially rejoin above the photosphere, forming a large-
scale loop, which then becomes free to expand in the corona
in the form of AFSs, which then turn into standard coronal
loops.
6. SUMMARY
During the whole emergence of an active region, the bal-
loon-borne Flare Genesis Experiment (FGE) observed in the
H blue wing the occurrence of many small-scale, intermit-
tent brightenings, defined as Ellerman bombs (EBs), which
have been observationally studied by detail in GRBS02 and
Bernasconi et al. (2002). In particular, they have shown, using
FGE vector magnetograms, that some EBs are cospatial with
neutral lines where the field lines could present a U-loop shape
(which we defined in this paper as bald patch [BP] regions).
So they proposed that some EBs could be due to magnetic
reconnection where field lines present a U-loop shape, while
the other ones, which were not associated with neutral lines,
were probably due to reconnection along quasi-separatrix layers
in apparently monopolar regions.
In this paper, we pursued the analysis of EBs observed by
FGE, and we tried to tackle the issue of the possible role of these
EBs in allowing the emergence of magnetic fields through the
Fig. 10.—Histogram of the distribution of the distance between two con-
secutive BPs within serpentine field lines.
Fig. 8.—Projection view of the serpentine field lines and their surrounding environment in the center of the active region. The red lines represent the serpentine
lines presented in Figs. 5 and 6. The green lines represent the domes. On the base plane, the isocontours represent Bz z ¼ 0ð Þ ¼ 50 50, 300, 900, and 1800 G, pink
for positive values and blue for negative. The blue arrows mark the direction of the leading spot. A multiplicative factor of 3 for vertical extension of the field lines is
used for a better viewing of the configuration.
Fig. 9.—Sketch of the field lines overlying the emerging flux.
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photosphere. Indeed, MHD simulations have recently shown
that the direct emergence of smooth -loops from the con-
vection zone seemed to be more difficult than thought (see, e.g.,
Zwaan 1985), as a result of both the development of small-scale
spatial undulations in subphotospheric flattened flux tubes
(stable to the Parker instability; see Magara 2001) and the ex-
istence of magnetic dips at the bottom of emerging twisted flux
tubes (in which dense material is trapped; see Magara &
Longcope 2001 and Fan 2001).
We focused our analysis on one vector magnetogram, ob-
served by FGE nearly cotemporally with one of the H images
showing EBs. From the vector magnetogram, we calculated the
three components of the magnetic field in local heliographic
coordinates. This permitted us to calculate BP locations from
the observations. From this, we not only confirmed the results
of GRBS02 and Bernasconi et al. (2002) regarding the good
match between EBs and BPs, but we also extended them, since
we showed that the apparently monopolar regions in which a
few EBs were observed were in fact multipolar and also cor-
responded to BPs when the magnetic field components were
projected onto the heliographic frame. So we unified the two
reconnection scenarios proposed by GRBS02 into a single one
based on magnetic reconnection along BP separatrices. Never-
theless, there are still a few EBs that cannot be directly ex-
plained by the BP scenario and for which the quasi-separatrix
layer scenario may be relevant.
In order to calculate the magnetic separatrices, we then per-
formed a linear force-free field extrapolation of the magneto-
gram, using the true vertical field as the boundary condition.
The force-free parameter  was fine-tuned so as to obtain a
good match between the observed and extrapolated horizontal
components of the magnetic field. We checked a posteriori that
the extrapolated high-altitude field lines did not deviate too
much from the overall orientation of coronal loops observed in
EUV by TRACE. Using the results from the extrapolation, we
analyzed the three-dimensional topology of the magnetic field
at low altitude in the vicinity of EBs. We noticed some subtle
differences in the EB-BP correlation, whether calculated from
the vector magnetic field data only or from the extrapolation, in
which the horizontal fields are calculated so as to satisfy the
force-free field equation. With the extrapolation in particular,
we found a nonnegligible fraction of EBs that were colocated
with the footpoint of a BP separatrix, instead of always being
located on top of a BP. These results extended the reconnection
scenario for EBs, by locating their brightening either in BPs or
at the footpoints of flat BP separatrices, in regions where the
magnetic field is horizontal. This result is in fact fully consistent
with radiation model predictions by Zhao et al. (1998) and
He´noux et al. (1998).
A further study of the BP separatrices has revealed that the
latter were not randomly organized. In several places within the
active region, we found some flat, elongated flux tubes linking
several BPs (or very low altitude photospheric magnetic dips)
and showing spatial undulations with a succession of two to
five concave and convex portions. This finding is consistent
with the predictions by Strous et al. (1996) on the existence of
magnetic serpentine field lines based on the observation of
H upflows and downflows located one after the other on top
of complex multipolar photospheric magnetic fields. Moreover,
we identified a whole hierarchy of serpentine field lines, located
on top of one another up to chromospheric altitudes, having
very small BP separatrices under them and being overlaid with
a ‘‘dome flux tube’’ rooted in a single BP region near one of
the active region sunspots. This hierarchy of serpentine field
lines also seems to be consistent with the results of Mandrini
et al. (2002) on the topology of emerging arch filament systems
(AFSs), which in the frame of the present study could be
interpreted as a dome flux tube under which many serpentine
field lines could still be present, even though they did not ap-
pear in this past study, maybe because of the poor resolution of
their magnetogram, as compared to those from the FGE.
Based on the results of the extrapolation, on the association
of EBs with BP and separatrix footpoints, and on the existence
and organization of serpentine flux tubes whose wavelengths
are typically above (with a sharp cutoff ) the criterion for the
Parker instability (k 2 Mm), we finally conjectured that EBs
could be the manifestation of the successive resistive emer-
gence of flattened and undulatory subphotospheric, Parker-
unstable flux tubes, which without resistive effects would not
fully emerge because of the weight of the material trapped
within the (sub)photospheric dips. This interpretation is some-
how consistent with the scenario proposed by Strous & Zwaan
(1999), but it highlights the crucial role of resistive effects in
BP separatrices.
Theoretically, this scenario will need to be confirmed by
high-resolution MHD simulations, because even though our
observations and extrapolation seem to support BP reconnec-
tion for EBs (which also has been shown for a few small flares
and surges, e.g., by Aulanier et al. 1998 and Mandrini et al.
2002), the possibility of developing sufficiently thin electric
current sheets within flux tubes that have a photospheric dip, so
that not only diffusion but impulsive reconnection can occur, is
still a debated issue (Low &Wolfson1988; Karpen et al. 1991;
Billinghurst et al. 1993). Our whole analysis, which is as yet
only based on a single emerging active region, will have to
be reconducted observationally on several regions, for which
higher spatial resolution vector magnetograms with high po-
larimetric sensitivity will be mandatory. This will be required
to measure the statistical relevance of our model for the re-
sistive emergence of Parker-unstable undulatory flux tubes in
the early stages of active regions.
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ABSTRACT
In 3D magnetic field configurations, quasi-separatrix layers (QSLs) are defined as volumes in which field lines locally display strong gradients
of connectivity. Considering QSLs both as the preferential locations for current sheet development and magnetic reconnection, in general,
and as a natural model for solar flares and coronal heating, in particular, has been strongly debated issues over the past decade. In this paper,
we perform zero-β resistive MHD simulations of the development of electric currents in smooth magnetic configurations which are, strictly
speaking, bipolar though they are formed by four flux concentrations, and whose potential fields contain QSLs. The configurations are driven by
smooth and large-scale sub-Alfvénic footpoint motions. Extended electric currents form naturally in the configurations, which evolve through a
sequence of quasi non-linear force-free equilibria. Narrow current layers also develop. They spontaneously form at small scales all around the
QSLs, whatever the footpoint motions are. For long enough motions, the strongest currents develop where the QSLs are the thinnest, namely
at the Hyperbolic Flux Tube (HFT), which generalizes the concept of separator. These currents progressively take the shape of an elongated
sheet, whose formation is associated with a gradual steepening of the magnetic field gradients over tens of Alfvén times, due to the diﬀerent
motions applied to the field lines which pass on each side of the HFT. Our model then self-consistently accounts for the long-duration energy
storage prior to a flare, followed by a switch-on of reconnection when the currents reach the dissipative scale at the HFT. In configurations
whose potential fields contain broader QSLs, when the magnetic field gradients reach the dissipative scale, the currents at the HFT reach
higher magnitudes. This implies that major solar flares which are not related to an early large-scale ideal instability, must occur in regions
whose corresponding potential fields have broader QSLs. Our results lead us to conjecture that physically, current layers must always form
on the scale of the QSLs. This implies that electric currents around QSLs may be gradually amplified in time only if the QSLs are broader
than the dissipative length-scale. We also discuss the potential role of QSLs in coronal heating in bipolar configurations made of a continuous
distribution of flux concentrations.
Key words. magnetohydrodynamics (MHD) – methods: numerical – Sun: magnetic fields – Sun: flares
1. Introduction
The energy needed to power solar flares and to sustain coro-
nal heating is thought to come from the coronal magnetic field,
since its energy dominates over all other forms of stored en-
ergy. However, the coronal plasma, like most natural magne-
tized plasmas, has typical Lundquist numbers far larger that
unity. So the resistive term in the induction equation can be-
come large enough only if small-scale magnetic field gradients
(i.e. narrow current layers) are created. Regions in which either
the magnetic field, or the velocity field, or the Alfvén speed
initially have small scale gradients can naturally result in such
current layers. However, those are not necessarily typical of
the solar corona, and other situations can also exist. Magnetic
configurations with a complex topology, i.e. with separatrices,
are the most obvious configurations where current sheets can
form, when no steep gradient is initially present in the system.
Separatrices are magnetic surfaces where the magnetic field
line linkage is discontinuous. A particularly important location
for current-sheet formation, then for reconnection in a classi-
cal view, is the intersection of two separatrices, which is a null
point (a point where the magnetic field vanishes) or a separa-
tor. In most cases, a separator is a singular field line joining two
null points. More generally, current sheets are thought to form
along the separatrices when arbitrary footpoint motions are im-
posed at a line-tied boundary at the separatrices (e.g. Aly 1990;
Low & Wolfson 1988; Lau 1993).
The initial studies of the topology in 3D magnetic config-
urations have been realized by defining a magnetic field cre-
ated by discrete sub-photospheric sources (Baum & Bratenahl
1980). Hénoux & Somov (1987) proposed that reconnec-
tion along the separator can interrupt currents flowing there,
thus permitting to release the energy stored in these cur-
rents. Gorbachev & Somov (1988) further applied the theory
to an observed solar flare and showed that field lines pass-
ing close to the separator connect to observed chromospheric
bright ribbons. Furthermore, numerous analyses of flares have
shown that Hα and UV flare brightenings are typically located
Article published by EDP Sciences and available at http://www.edpsciences.org/aa or http://dx.doi.org/10.1051/0004-6361:20053600
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along the intersection of separatrices with the chromosphere:
they are connected by field lines which are expected to have
formed through magnetic reconnection in the given configura-
tion (e.g. Mandrini et al. 1991, 1995; Démoulin et al. 1994b;
van Driel-Gesztelyi et al. 1994).
The description of the magnetic field with sub-photospheric
sources, as well as its related topological analysis irrespective
of the location of the line-tied photosphere, is only an approxi-
mation to describe the organization of the magnetic field in flux
tubes: it implicitly assumes that the origin of a flare is rooted
below the line-tied boundary, where the magnetic configuration
has no reason to be that of what is prescribed by the sources.
Assuming that all the sources are located in the line-tied plane
permits this diﬃculty to be bypassed. However it also leads
to some undesirable eﬀects which may not be relevant of the
solar photosphere, especially within active regions: wide ar-
eas in this plane have purely tangential magnetic fields, except
in the vicinity of the sources and of null points located at the
boundary. Also, these boundary nulls fully constrain the topol-
ogy above, which may be considered to be at least restrictive,
if not artifical. Finally, the very definition of point charges pre-
vents modeling twisting motions. This approach is nevertheless
very interesting, since it allows to use powerful mathematical
(analytical) tools, which permit many aspects of the complex
problem to be explored without the need of heavy numerical
simulations (e.g. Longcope & Klapper 2002; Priest et al. 2005).
The above results have demonstrated that the location of
energy release in solar flares is defined by the magnetic topol-
ogy and that the physical mechanism is magnetic reconnection.
However, it has been shown that the energy release did not
involve all of the separatrix; e.g. Hα flare brightenings were
always present only on a restricted part of the chromospheric
footprint of the computed separatrices. Moreover, for some ob-
served events, a coronal magnetic null related to the flare was
not always present in the configurations associated with the ob-
served photospheric magnetic field (Démoulin et al. 1994a).
Another well-known possibility getting separatrices is when
field lines are tangent to the photospheric boundary (called
“bald patches”, Titov et al. 1993). But just as with coronal
nulls, bald patches have been found only in a small fraction
of observed events (e.g. Aulanier et al. 1998). In fact, in many
flaring configurations, the computed separatrices were only as-
sociated with the magnetic nulls being also located below the
photosphere (located between the assumed sub-photospheric
sources). These studies teach us that coronal magnetic recon-
nection must occur in a broader variety of magnetic configu-
rations than traditionally thought, as derived from studies of
2D configurations. It is also worth noticing that the separatri-
ces of a magnetic configurations invariant by translation along
one direction disappear in most cases when the configuration
is fully extended to 3D (Schindler et al. 1988). This structural
instability of separatrices point also to the need of a broader
concept.
In order to address these diﬃculties, Démoulin et al.
(1996a,b) proposed that “quasi-separatrix layers” (QSLs) gen-
eralize the definition of separatrices to cases where there is
no coronal magnetic null. QSLs are regions where there is a
drastic change in field line linkage, while the linkage is truly
discontinuous at separatrices. For each observed flare stud-
ied with this approach, the brightenings were always found
along, or just nearby, the intersection of QSLs with the chro-
mosphere (Démoulin et al. 1997; Mandrini et al. 1997; Bagalá
et al. 2000, and references therein). These results demonstrate
that flares are coronal events, where the release of free mag-
netic energy is due to the presence of regions where the mag-
netic field line linkage changes drastically, and not necessarily
discontinuously.
Physically, the magnetic energy available for flaring must
be associated with non-potential magnetic fields, so in the
presence of extended and/or narrow electric current distribu-
tions. Indeed, when photospheric vector magnetic field mea-
surements were available in the studies quoted above, two pho-
tospheric current concentrations of opposite sign were always
found in the close vicinity of the computed QSLs, both linked
by modeled coronal field lines (Démoulin et al. 1997, and refer-
ences therein). Theoretically, the formation of a strong current
layer in any QSL is expected with almost any kind of bound-
ary motion which crosses a QSL, as conjectured analytically
by Démoulin et al. (1996a). The main reason is that the mag-
netic stress of very distant regions can be brought close to one
another, typically over the QSL thickness. Unfortunately, ana-
lytical arguments for current layer formation in QSLs cannot
go too far in configurations without symmetry: the derivation
of the currents is both a non-linear and a non-local problem re-
quiring in particular integration over field lines. So Titov et al.
(2003) considered a straightened magnetic configuration be-
tween two plates, with a Hyperbolic Flux tube (or HFT) at the
center of QSLs. They calculated analytically that currents form
and increase exponentially with time in a HFT, only when the
boundary shearing motions create a stagnation point in the mid-
dle of the configuration.
MHD numerical simulations are required to analyze the
evolution of general magnetic configurations having QSLs. A
numerical diﬃculty is that the currents are expected to form on
the scale of the QSLs, a scale that can be many orders of magni-
tude lower than the scale of the whole studied magnetic config-
uration. The simulation of Milano et al. (1999) was the first to
show that currents did form along QSLs. But the latter were not
present in the initial uniform field configuration. They were dy-
namically formed by the prescribed boundary motions, which
consisted of two vortices with a stagnation point in between.
The numerical simulation of Galsgaard et al. (2003) was aimed
at addressing the problem of pre-existing QSLs. Unfortunately,
it considered very broad initial QSLs, with a thickness of about
one tenth of the numerical domain, so that only weak currents
formed there. The selected boundary motions produced a stag-
nation point inside the domain, which resulted in the formation
of a strong current sheet, as predicted analytically by Titov et al.
(2003). However, Démoulin (2005) extensively explained that
these strong currents were not associated with the initial broad
QSLs, but rather with a new set of much thinner QSLs that dy-
namically formed thanks both to the stagnation point and to the
large-scale boundary displacements. It is then unclear how the
results of Milano et al. (1999) and of Galsgaard et al. (2003)
can be generalized to magnetic configurations which initially
possess narrow QSLs.
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In order to really address this issue, the one conjectured
in previous studies of observed solar flares, in this paper we
instead perform MHD simulations of the slow current build-
up associated with pre-existing narrow QSLs. In Sect. 2, we
consider and analyze the properties of two potential magnetic
configurations that have large diﬀerences in QSL thickness. In
Sect. 3, we describe the numerical method which we used to
evolve both configurations with two diﬀerent forms of line-
tied motions. In Sect. 4, we discuss our results in terms of
the formation conditions of narrow current layers within QSLs,
in general, and at the HFT, in particular, as a function of the
boundary flow. The results are summarized and discussed in
the frame of solar flare and coronal heating modeling in Sect. 5.
Numerical and physical issues on the width of current sheets
are discussed in Appendix A.
2. Definition and topology of the magnetic
configurations
2.1. Initial magnetic configurations
We considered a 3D Cartesian domain x ∈ [−0.65, 0.65],
y ∈ [−0.41, 0.41], z ∈ [0, 0.65], where z is altitude. z = 0 is
considered as the photospheric plane, which is treated as a line-
tied boundary in which kinematic motions were prescribed in
the MHD simulations. In this domain, we calculated two po-
tential magnetic field configurations (b = 0) made up of four
polarities: P1 (resp. N1) is the positive (resp. negative) polarity
of an outer bipole, and P2 (resp. N2) is the positive (resp. neg-
ative) polarity of an inner bipole which contains less magnetic
flux than the outer one, but which has stronger magnetic field
concentrations.
Each of the four polarities results from point-sources lo-
cated at various depths beneath the photosphere. Throughout
this paper, both configurations are labeled by Φ = 120◦
and 150◦, which are the angle between the axes of both bipoles
when the field is potential at t = 0. The magnetic field b of
these configurations is given by:
bx(x, y, z) = Σ4i=1 Fi (x − xi) r−3i ,
by(x, y, z) = Σ4i=1 Fi (y − yi) r−3i ,
bz(x, y, z) = Σ4i=1 Fi (z − zi) r−3i ,
ri =
√
(x − xi)2 + (y − yi)2 + (z − zi)2. (1)
The values of the free parameters for each polarity (xi, yi, zi, Fi)
are given in Table 1. Typical field lines for both configurations
are shown in the upper row of Figs. 1 and 2. Note that the point
sources are used only to define the initial magnetic field. Later,
only the magnetic field for z ≥ 0 is considered (Sect. 3).
The chosen settings imply that there is neither a magnetic
null point in z ≥ 0 nor field lines tangential to the photospheric
boundary at z = 0, so there are no separatrices in the do-
main. Topologically speaking, the configurations are bipolar,
equivalent to an arcade, even though they display four con-
trasted magnetic field concentrations. The following numbers
permit to estimate the degree of contrast at z = 0 for Φ = 120◦
and 150◦: bmaxz (inP2)  35, bmaxz (inP1)  25, and bmin  3.
Table 1. Parameters of the magnetic configurations.
Polarity Parameter Φ = 120◦ Φ = 150◦
x1 0.5 0.5
P1 y1 0 0
z1 −0.2 −0.2
F1 1 1
x2 −0.5 −0.5
N1 y2 0 0
z2 −0.2 −0.2
F2 −1 −1
x3 −0.05 −0.0866
P2 y3 0.0866 0.05
z3 −0.1 −0.1
F3 0.4 0.4
x4 0.05 0.0866
N2 y4 −0.0866 −0.05
z4 −0.1 −0.1
F4 −0.4 −0.4
2.2. Definition of quasi-separatrix layers
QSLs are defined as regions where there is a drastic change in
field-line linkage (Démoulin et al. 1996a,b). More precisely,
let us consider the mapping from one photospheric polar-
ity to the opposite one: r+(x+, y+) → r−(x−, y−) and the re-
versed one r−(x−, y−) → r+(x+, y+). These mappings can be
represented by some vector functions [X−(x+, y+), Y−(x+, y+)]
and [X+(x−, y−), Y+(x−, y−)], respectively. The norms N(r+)
and N(r−) of the respective Jacobian matrices in Cartesian co-
ordinates are:
N± ≡ N(x±, y±) (2)
=
√(
∂X∓
∂x±
)2
+
(
∂X∓
∂y±
)2
+
(
∂Y∓
∂x±
)2
+
(
∂Y∓
∂y±
)2
·
A QSL was first defined by the condition N(x±, y±) 1 in both
photospheric polarities (Démoulin et al. 1996b).
Let us now consider a field line linking photospheric lo-
cations (x+, y+) and (x−, y−), which both have diﬀerent normal
field components bz+ and bz−. In this case, a diﬃculty with the
definition of QSLs by Eq. (2) is that N(x+, y+)  N(x−, y−)
if bz+  bz−, so QSLs do not fulfill a unique condition, in gen-
eral, when defined by Eq. (2). Recently, Titov et al. (2002) de-
fined another characteristic function for QSLs which is inde-
pendent of the mapping direction: the squashing degree Q. It is
calculated as follows:
Q+ =
N2+
|bz+/b∗z−|
≡ Q∗− =
N∗2−
|b∗z−/bz+|
≡ Q , (3)
where asterisking the functions indicates that their argu-
ments x− and y− are substituted in X−(x+, y+) and Y−(x+, y+),
respectively. With this new prescription, a QSL is defined
by Q  2, the value Q = 2 being the lowest value possible
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Fig. 1. Top views of the magnetic configurations
for two orientations of the central bipole with
respect to the large one (Φ = 120◦ and 150◦):
potential field (top row) and configurations re-
sulting from the translational (middle row) and
twisting (bottom row) motions applied at z = 0
(see Fig. 5). The horizontal (resp. vertical) axis
corresponds to the x (resp. y) coordinate. Pink
(resp. blue) contours show positive (resp. nega-
tive) values of bz(z = 0) = ±5, 10, 15, 20, 25, 30.
The inversion line bz(z = 0) = 0 is plotted in
yellow. The other lines are magnetic field lines.
In each panel, they are plotted starting from the
same positions at z = 0 in the negative polar-
ities, so these lines are comparable from one
panel to another since their fixed footpoint is
not displaced by the flows (see Fig. 5). The time
unit corresponds to the transit time of an Alfvén
wave on a distance of 0.2 at the initial homoge-
neous Alfvén speed.
(Titov et al. 2002). By definition, Q is uniquely defined along a
field line by:
(b · ∇)Q = 0. (4)
The physical meaning of this apparently complex definition
can, in fact, be simply explained as follows. Let us consider an
elementary flux tube rooted in an infinitesimal circular region
in one polarity. Q simply measures the aspect ratio of the dis-
torted ellipse defined by the footpoint mapping of this flux tube
in the other polarity. In other words, Q measures how much the
initial elementary region is squashed by the field-line mapping.
Other quantities which define the mapping properties
of QSLs do exist, one of them being the ratio |bz+/b∗z−|. Their
full description and meaning are analyzed in Titov et al. (2002).
In this paper, we only use Q, since it is suﬃcient to localize the
QSLs and to define their thickness. A global view of QSL prop-
erties and their application to coronal physics is presented in
Démoulin (2005) and Titov (2005).
2.3. Numerical calculation of quasi-separatrix layers
3D magnetic configurations, where the maximal value of Q is
large, are challenging for numerical computation of the asso-
ciated QSLs, because their related widths are often orders of
magnitudes below the spatial resolution of any numerical mesh.
For local quantities such as the magnetic field, computing
gradients below the mesh size has no meaning. But this is
not true for N and Q, because their values are dominantly
determined by the large-scale properties of the magnetic con-
figuration. This was thoroughly explained in Démoulin et al.
(1996a, 1997), where the eﬀect of spatial discretization defin-
ing the analytical magnetic fields was tested. There it was
demonstrated that calculating QSLs below the scale of the dis-
cretization is relevant and reliable as long as the large scale-
lengths of the magnetic field are well resolved.
In order to accurately compute N (or Q) in a plane (e.g.
z = 0), one needs to determine a 2D grid (e.g. in x, y) which
is locally adapted to the QSL width. The latter must then be
diﬀerent than the grid used later in the MHD simulations. One
must also be able to compute the connectivities with high preci-
sion. In the case of a uniform grid, with a mesh interval δ small
enough to resolve all the connectivity gradients, the computa-
tion of N is only limited both by the numerical precision of
the field line integration and by the numerical derivatives in
Eq. (2). With the best integration algorithms, the position ri, j of
the second footpoint of the field line passing by the grid point
of index (i, j) can be known with relative precision of 10−11.
This permits us to calculate the field line connectivities very
accurately. Since local small-scales of the magnetic field have a
low eﬀect on the QSLs, the magnetic field in between the mesh
points is computed simply by a linear interpolation of the near-
est points values. Then from Eq. (2), the computed value Ni, j
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Fig. 2. Same as Fig. 1, but projection views
in the full numerical domain are shown. The
viewing angle is rotated approximatively 180◦
around the z axis relative to Fig. 1.
of N at the grid point (i, j) is given by the knowledge of the field
line connectivity of the four surrounding points on the grid:
Ni, j =
√(ri+1, j − ri−1, j)2 + (ri, j+1 − ri, j−1)2
2δ
· (5)
Qi, j is then derived from Ni, j using Eq. (3).
In practice and in order to save computational time, we
never use a uniform grid. Q is first computed on a coarse grid,
whose resolution progressively improves adaptively in a multi-
step procedure. In a first step, Q is calculated everywhere, but
only those regions where Q is the highest are kept. In these re-
gions, the spatial resolution is doubled. In a second step, Q is
re-computed in the previously selected points, as well as in the
new four neighboring point of the improved grid. This proce-
dure is repeated until the number of points where Q is com-
puted reaches some previously fixed value. In the present paper,
this number of point was 3500, which corresponds to a spatial
resolution of ∼3×10−3, twice larger than the smallest cell which
is considered in the MHD simulations (see Sect. 3.1).
With such grid resolution, however, Q is still approxima-
tively computed where the gradients of connectivity are strong,
i.e. where the QSL are the thinnest. For the refined calcula-
tion of Q in 2D, we consider a local square around each saved
position of the latter grid. In a second multi-step procedure,
Q is then successively re-computed in the central point of each
square, as the resolution progressively increases by a factor
two at each step. The recurrence is stopped when the values
of Q computed at two consecutive steps converge, i.e. when
their ratio exceeds a fixed value (which we choose to be equal
to 0.9 in this paper). At that stage, Q is calculated well at the
3500 selected points. Note than in separatrices, this second it-
eration never converges since Q tends to infinity.
The results of these two iterative procedures were used to
generate all Q maps at z = 0 shown in this paper and to calcu-
late the corresponding Qmax. Figure 3 shows such maps for the
potential magnetic field configurations defined in Sect. 2.1. The
shape of the QSLs and their significance are discussed below
in Sect. 2.4.
We define the QSL width as the full width at half maximum
of the Q profile. In order to calculate the latter, we recompute Q
along several 1D segments that cross the QSL at various angles,
in the plane z = 0. The 2D Q maps are used to choose the posi-
tion of these segments. Q can there be computed using various
spatial resolutions δ′. The true QSL width along a given di-
rection is reached when δ′ is small enough to ensure that any
further refinement does not change the Q profile. The minimum
full width at half maximum of the Q profiles along each of the
segments finally results in the QSL width.
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Fig. 3. Top views of the quasi-separatrix lay-
ers (QSLs) for the potential field configura-
tions for Φ = 120◦ and 150◦. The greyscale
images show the distribution of the squash-
ing degree Q (Eq. (3)) at z = 0 in logarith-
mic scale. For Φ = 120◦ (resp. 150◦), white
corresponds to Q = 5 (resp. 6) and black to
Q = 1.3×105 (resp. 1011). Typical field lines
that are rooted in the vicinity of the QSLs,
and the same bz(z = 0) contours as in Fig. 1,
are overplotted in the bottom row.
Table 2. Maximum amplitude of the footpoint motions, of the squashing degree and minimum width of its profile across the QSLs, in each
configuration studied. The amplitude of the translation motions, 2 δy, is measured by the ratio of the maximum displacement (δy), divided
by characteristic size along y of the system (0.5). The amplitude of the twisting motions is measured by the maximum numbers of turns ∆N
within P2. The importance of the mapping distortion is given by the maximum value of squashing degree (Eq. (3)), Qmax. Finally the thicknesses
of the QSLs are given by the ratio of the full width at half maximum of Q, δQ with the smallest cell size, d (Sect. 3.1). Both Qmax and δQ /d are
computed with a low spatial resolution of d = 1.5 × 10−3 (resp. at a much higher spatial resolution, see Sect. 2.3) and the values are noted with
a subscript “L” (resp. “H”).
Config. Motion Time 2 δy ∆N δQ,H /d log QmaxH δQ,L /d log QmaxL
potential field 0 – – 2.6 3.6 4.0 3.2
Φ = 120◦ translation 81 0.24 – 0.96 4.1 2.8 3.7
twist 99 – 0.29 5.5 × 10−2 5.2 2.7 3.8
potential field 0 – – 4.3 × 10−3 8.8 2.8 5.5
Φ = 150◦ translation 41 0.10 – 1.8 × 10−4 11 1.1 5.5
twist 38 – 0.14 8.2 × 10−3 8.3 2.6 5.5
Figure 4 shows QSL profiles for both configurations de-
fined in Sect. 2.1, using two diﬀerent segment lengths, thus
with two diﬀerent spatial resolutions δ′. With the lower reso-
lution which is of the order of the MHD mesh resolution (see
Sect. 3.1), one can neither obtain the correct value of Qmax, nor
the real width of the central peak of the QSL profile. The broad
wings of the QSL are, however, well visible. The properties
of the QSL, as calculated with both resolutions, are given in
Table 2. It shows that the issue of resolution is the most sensi-
tive for Φ = 150◦. The QSL for Φ = 120◦ at t = 0, however, is
almost resolved by the numerical mesh used in the MHD sim-
ulations: “almost”, because the mesh is non-uniform and d is
only the smallest grid size (see Sect. 3.1).
2.4. Topology of the potential fields
In the bipolar potential configurations defined in Sect. 2.1, the
magnetic field line linkage has four basic sets of magnetic
connectivities (see Figs. 1 and 2), just as in 2D quadrupolar
magnetic configurations, but without separatrix between them.
For both configurations, the intersections of the QSLs with the
z = 0 boundary have only two extended thin strips, one over
each magnetic polarity (see Fig. 3, top row). These potential
configurations are thus very similar to the one analyzed by
Démoulin et al. (1996a) and Titov et al. (2002).
Two close field lines rooted at z = 0 on both sides of one
strip rapidly diverge in the volume to connect, on the other
strip, regions which are very far from each other, as shown in
Fig. 3, bottom row.
The thin volume, where Q has the highest values, is of par-
ticular interest: the way field lines diverge there suggests to
call the magnetic structure of QSLs a HFT Titov et al. (2002).
The 3D shape of this HFT is better understood as one follows
its 2D cross-section from one polarity to the other one on the
boundary. Let us define the edge of the QSL by the value Qe,
which is a fraction of the maximal value of Q. The HFT starts
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Fig. 4. Profiles of log Q(z = 0) perpendicular to the QSL for the
initial configurations Φ = 120◦ (left column) and Φ = 150◦ (right
column). The cuts are centered at (x, y) = (xQ, yQ), with (xQ, yQ) =
(−0.155,−0.145) for Φ = 120◦ and (xQ, yQ) = (−0.121,−0.203) for
Φ = 150◦. The profiles are calculated using a spatial resolution corre-
sponding to the smallest cell in the numerical mesh δ′ = d = 1.5×10−3
(upper row) and using an optimized higher spatial resolution δ′ (lower
row), as explained in Sect. 2.3.
as an elongated strip over one polarity, then it is transformed
progressively in a cross shape in the volume, and it ends in the
form of another elongated strip on the other polarity. Each strip
at z = 0 involve one branch of the cross at z > 0. A cartoon of
the cross-section from one polarity to the other is then:

 →

 →  →  →  (6)
This shape is similar for any values Qe  2. The volume de-
fined by Q′e fully encloses the volume defined by Qe if Q′e > Qe,
so that defining an increasing series of Qe values defines a se-
ries of volumes that are somehow organized like Russian dolls.
The QSL shape is robust to the transformation of the mag-
netic configuration, as the locations of the highest values of Q
for the two configurations of Fig. 3 have similarly curved
shapes. The slight modifications of these shapes mostly follow
the displacement of the polarities.
The maximum value of Q however, is extremely sensitive
to modifications of the magnetic configurations: when Q is cal-
culated at a spatial resolution much higher than the numerical
discretization chosen for the MHD simulation so as to obtain its
true profile (see Sect. 2.3), Qmax ∼ 4× 103 for Φ = 120◦, while
Qmax ∼ 6 × 108 for Φ = 150◦, five orders of magnitude higher.
Asymptotically, Qmax tends to infinity as Φ tends to 180◦.
3. Method for MHD evolution
3.1. Equations and mesh
We use a simplified version of our zero-β (pressureless) time-
dependent 3D MHD code, which is extensively described in
Aulanier et al. (2005). The present version solves the following
equations:
ρ
∂u
∂t
= −ρ (u · ∇)u +  × b + ρDu (7)
∂b
∂t
= ∇ × (u × b) + ηb (8)
∇ × b =  (9)
∇ · b = 0, (10)
where ρ is the mass density, u the plasma velocity, b the mag-
netic field,  the electric current density and η the magnetic re-
sistivity. The calculations are achieved in a dimensionless form,
so that the magnetic permeability is set to 1.D is a diﬀusion op-
erator for the velocity (see Sect. 3.3).
Since we are only interested in quasi-static evolutions and
to save computer time, we fix ρ in time to its initial value given
below:
ρ(x, y, z) = c−1◦ b2(x, y, z, t = 0), (11)
so that cA(x, y, z, t = 0) = c◦ = 0.2. This leads to define the time
unit as the transit time of Alfvén waves over a distance of 0.2,
which corresponds to the physical spacing between both central
polarities P2 and N2. This setting does not lead to any singu-
larity, since the studied configurations contain no magnetic null
point in the domain.
The boundary conditions at z = 0 are line-tied, and those of
the five other faces are open. Their numerical implementation
with the use of ghost cells is described in details in Aulanier
et al. (2005).
The simulations are done in the domain defined in Sect. 2.1,
using a non-uniform mesh nx×ny×nz = 191×161×170 points.
The mesh intervals vary in the range dx ∈ [1.5 × 10−3 , 1.8 ×
10−2], dy ∈ [1.5 × 10−3 , 1.2 × 10−2], dz ∈ [1.5 × 10−3 , 0.8 ×
10−2], expanding from x = y = z = 0 following di+1x /dix =
d j+1y /d jy = 1.027 and dk+1z /dkz = 1.01.
3.2. Boundary motions
The magnetic configurations evolve in response to large-scale
kinematic motions ux,y which we prescribe in the line-tied
plane at z = 0. Since we want to study the dependence of
the generation of electric currents at QSLs with respect to the
precise nature of the footpoint motions, we consider various
types of motions which move only a part of the QSLs. Firstly,
we only apply motions within the positive central polarity P2.
Secondly, we choose two types of motions which contain nei-
ther X-type stagnation point, nor small scales. The first type of
motion is a nearly solid translation of P2 along y. The second
type of motion is twisting of the strongest fields in P2, which
has a nearly solid rotation over more than half of the vortex
radius. Both types of boundary motions are shown in Fig. 5,
superposed on contours of bz(z = 0). They both do not directly
aﬀect the field lines which have a footpoint in P1.
The translation motion is defined by:
ux(z = 0) = 0,
uy(z = 0) = u
◦
4
[
tanh
(
y − y◦(x)
δy◦
)
+ 1
]
[
tanh
(
x − x◦1
δx◦
)
− tanh
(
x − x◦2
δx◦
)]
,
y◦(x) = 4(x − x◦3)2 + y◦1, (12)
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Fig. 5. Boundary flow patterns applied for
Φ = 120◦ and 150◦, shown by dark arrows
superposed to the same bz(z = 0) isocon-
tours as shown in the top row of Fig. 1.
The flows are fixed in time for t > 13
(see Eq. (15)).
where u◦ is the maximum velocity at the boundary. In all our
simulations, we set u◦ = 1.5 × 10−3 = 0.75% of c◦ (defined
with Eq. (11)) so as to ensure a relatively slow driving of the
system.
The twisting motion in P2 is defined by:
ux(z = 0) = ∂ψ
∂y
, uy(z = 0) = −∂ψ
∂x
, (13)
ψ = ψ◦ tanh
[
α◦1 b2z (z = 0)
]
tanh4
[
α◦2 b2z (z = 0)
]
, (14)
where ψ◦ is a parameter which is adjusted so as to prescribe a
maximum twisting velocity of u◦ (same value as above). With
the velocity written as in Eq. (13), bz(z = 0) is only advected
with time (without modifying its Lagrangian value), and this is
re-enforced numerically at each numerical iteration. The choice
of such complex ψ functions (Eq. (14)) was motivated to pre-
scribe a nearly uniform twisting motion in the strong field re-
gions, surrounded by a region of fast velocity decrease and a
last outer region in which both the velocities and their horizon-
tal derivatives tend to zero close to the inversion line around P2.
In this way, the central part of P2 does not incorporate small
scales, and its outer regions do not lead to numerical instabili-
ties, since no small unresolved field line is advected and since
the velocity is numerically derivable everywhere.
The values for the remaining free parameters in Eqs. (12)
and (14) are given in Table 3. In the simulations, all the veloci-
ties given above are multiplied by γ(t):
γ(t) = 1
2
tanh
[
2(t − 10)
3
]
+
1
2
, (15)
which allows the system to first relax to a numerical equilib-
rium for 0 < t < 7, followed by an early acceleration phase for
7 < t < 13, towards a constant boundary driving for t > 13.
Table 3. Parameters for line-tied boundary motions.
Param. Φ = 120◦ Φ = 150◦
δx◦ 0.05 0.05
δy◦ 0.03 0.03
x◦1 −0.22 −0.26
x◦2 0.22 0.07
x◦3 −0.10 −0.14
y◦1 −0.05 −0.10
α◦1 9 × 10−4 9 × 10−4
α◦2 3 × 10−3 3 × 10−3
3.3. Diffusion operators
Some strong Lorentz forces develop during the calculations on
small-scales. They lead to strong vorticity layers on the scale
of a few cells, which are typically located around the QSLs at
z > 0. Their proper numerical treatment leads us to use the
following diﬀusion operator for velocity:
D ui =
uν

d
(
δ2xui + δ
2
yui + δ
2
z ui
)
(16)
where ui is the velocity component along either axis (x, y, z)
and d is the smallest cell size in the domain. uν
 is the char-
acteristic diﬀusion speed. We set to uν
 = 0.03 = 15% c◦ in
all our simulations. This leads to strong viscous eﬀects, which
are unfortunately required: setting uν
 = u◦, which is the stan-
dard value in turbulent simulations, leads to numerical insta-
bilities in the HFT typically at t ∼ 20, which do not permit us
to follow the development of strong electric currents over long
time-scales. δ2x is a second-derivative operator with respect to
the mesh rather than to spatial units. For any quantity f , this
operator is equal to:
δ2x f = f (xi+1, y j, zk) − 2 f (xi, y j, zk) + f (xi−1, y j, zk). (17)
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Fig. 6. Greyscale images of the coronal currents j(x, z) at y = 0.07 in linear scale. In all panels, dark grey corresponds to j(x, z) = 0. White
corresponds to j(x, z) = 100, 300, 100, 150 respectively, for the (upper-left), (lower-left), (upper-right), and (lower-right) panels. Each image
shows the co-existence of “extended” currents which result from the line-tied footpoint motions, of “narrow” currents layers within the whole
QSLs, and of an intense current layer at a Hyperbolic Flux Tube (“HFT”) located where the narrow current layers intersect. The plots are drawn
a few Alfvén times before the magnetic field gradients reach the scale of the mesh in the HFT.
So as to reach a compromise which ensures that the eﬀects of
resistivity are small, but enough to ensure numerical stability
for a long time, we set η = 1.5×10−6 in all our simulations. This
leads to a low characteristic resistive speed of η/d = 10−3 =
0.5% c◦.
Considering u◦ as the characteristic velocity of the system
implies the following magnetic Reynolds and Lundquist num-
bers: Rm = 1.5 and Lu = 200 at the scale of the smallest
cell, Rm = 200 and Lu = 2.6 × 104 at the scale of the cen-
tral bipole P2N2, Rm = 103 and Lu = 1.3 × 105 at the scale of
the full magnetic configuration.
4. Development of electric currents
In spite of the very small scales in the QSLs, which are in-
trinsic to the studied configurations, our MHD simulations do
not result in numerical instabilities for several tens of Alfvén
times. During this long time interval, electric currents develop
in various regions (Sect. 4.1). In particular narrow current lay-
ers develop all along the QSLs (Sect. 4.2), while the strongest
current layer is formed at the HFT where the QSLs are the nar-
rowest (Sect. 4.3).
4.1. Extended and narrow current layers
In all our simulations, the footpoint motions naturally lead to
the formation of nearly-field-aligned currents distributed over
wide volumes which are defined by the envelope of the field
lines which are transported. We call them “extended current
layers”. These currents are stronger for the twisting motions
than for the translation motions (see Fig. 6). Even though these
currents are relatively strong, they do not tend to dissipate eas-
ily, since they result from large-scale magnetic field gradients
in the domain induced by the line-tied motions. Indeed, the re-
sistive dissipation term is ∝b ∼ /L, which clearly shows that
for equal electric current densities, the narrowest current lay-
ers will dissipate more quickly. Since the boundary motions
are less than 1% of the Alfvén speed, the electric current re-
mains nearly aligned with the magnetic field in these extended
regions, so the whole configuration is always very close to a
force-free state. This behavior is typical of every MHD sim-
ulation with slow line-tied boundary motions (e.g. DeVore &
Antiochos 2000; Török & Kliem 2003; Aulanier et al. 2005).
It must be noted that in the time interval during which our
motions are prescribed, the footpoint displacements remain rel-
atively small, at most of the order of ∼1/4th (resp. 1/7th) of the
characteristic size of the system forΦ = 120◦ (resp. 150◦). This
is shown in Figs. 1 and 2. Also, as explained in Sect. 3.2, none
of the prescribed line-tine motions possess very small scales. In
spite of all this, the footpoint displacements in our simulations
lead to the development of “narrow current layers” at z ≥ 0.
They begin to form on small scales as soon as the motions start,
so they mostly do not come from some time-varying steepen-
ing eﬀect. Another property is that, for a given magnetic field
configuration, these narrow currents layers form in the same
specific locations (see Fig. 6), whatever the prescribed motions,
translation or twisting.
All the above properties lead to the conclusion that these
narrow current layers are not a direct consequence of the pre-
scribed velocity gradients at z = 0, as is usually the case
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in line-tied MHD simulations in which large-scale and long-
duration braiding or twisting or shearing motions are applied
(see e.g. van Ballegooijen 1986; Mikic et al. 1989; Galsgaard
& Nordlund 1996; DeVore & Antiochos 2000; Galsgaard et al.
2003; Aulanier et al. 2005). 2D slabs (in x, z) of the 3D currents
layers are shown in Fig. 6, a few Alfvén times before magnetic
field gradients reach the scale of the mesh and halt the simu-
lations. These currents display a shape which is reminiscent of
separatrices with a null point or with a separator, though none
of the latter exist in the 3D magnetic configurations that are
analyzed.
In the translation cases, the electric current densities in the
narrow layers are almost everywhere larger than the extended
currents. They are also associated with Lorentz forces, so that
they are not fully force-free. In the twisting cases, the extended
currents are the highest at low altitude above the polarity P2
for z ≤ 0.05, but they have similar magnitudes than those in
the narrow layers almost everywhere else. For both types of
motions, the magnitude of the currents in the narrow layers and
in the extended regions increase in time at similar rates, except
in the region where two narrow layers intersect (Fig. 6). In all
runs, the smallest-scale currents eventually form in this latter
region. Their time-evolution is described in Sect. 4.3.
4.2. Current layers at QSLs
In order to investigate the relation between the current layers
and the QSLs, we calculate the distribution of the squashing
degree Q(z = 0) with exactly the same procedure as described
in Sect. 2.3 for the potential fields. For all configurations, the
maximum values of the squashing degree Qmax and the associ-
ated widths δQ of the QSLs are given in Table 2, as calculated
with spatial resolutions that are typical of the numerical mesh
and with resolutions that are much finer than the mesh. With
both resolutions, we note that Qmax is larger than 2 by several
orders of magnitudes. The precise characteristics of the QSLs,
however, strongly depend on the resolution at which they are
computed. For a resolution equal to the smallest grid size d of
the MHD simulations, δQ  d−3d for both configurations. But
for the higher resolution, the minimum value of δQ is always
much smaller than d (except for the potential field of the con-
figuration Φ = 120◦ where δQ ∼ d). Thus the numerical grid of
the MHD simulations does not resolve most of the QSLs which
result from the footpoint motions.
The 2D maps of Q and j at z = 0 are drawn in Fig. 7
at the same times as in Fig. 6. Apart from the regions that
were directly aﬀected by the boundary motions (i.e. within and
around P2), Q and j show a striking resemblance in all four
cases. The similarity is most evident for the translation mo-
tions, since the latter produce less extended field-aligned cur-
rents in the displaced flux tubes. But the similarity is also very
visible when twisting motions are applied. Also, apart from the
region covered by the flows, the QSLs are weakly deformed by
the line-tied motions (compare Figs. 3 and 7). The currents then
spontaneously form where the QSLs are located in the poten-
tial fields. Since the selected motions have no relationship with
the QSLs, we then reach the interesting conclusion that any
boundary line-tied motion invariably results in the formation
of current layers all along narrow QSLs. In our simulations,
most of the spatial locations of these current layers are defined
by the intrinsic properties of the magnetic configurations that
already exist for the corresponding potential field. They are not
defined by the topological properties of the boundary motions.
Then these current layers are formed just like current sheets in
configurations which have separatrices. We then reach an op-
posite conclusion from Titov et al. (2003) and Galsgaard et al.
(2003), who pretend that the nature of the boundary motions is
a determining factor in the formation of current layers in QSLs.
Figure 7, especially for Φ = 120◦ for which larger twists
could be applied, clearly shows how the rotational motions de-
form the QSL in the middle of P2, and how they tend to develop
new wide and well resolved QSLs (with weaker Q) around the
envelope of the twisted area. These new QSLs result directly
from the twisting profile, which rapidly decreases to zero away
from the center of P2. It is worth noticing that these new QSLs
are also matched by electric currents, but they are neither as
intense nor as narrow as the current layers which form in the
main QSLs (see Fig. 6).
It is finally interesting to note that in our four simulations,
the widths of the narrow current layers that form around QSLs
tend to be larger for initially broader QSLs, as seen in Figs. 6
and 7. Also, the width of the current layers is well resolved,
of the order of δQ as calculated with the resolution of the nu-
merical simulations. This issue and its consequences are dis-
cussed further both in the context of QSLs and separatrices in
Appendix A.
4.3. The hyperbolic flux tube
Apart from the regions right above sheared/twisted polarities,
the strongest electric currents ,which eventually form in all our
simulations, are always located at high z, even though the mag-
netic fields are the strongest at low z (see Fig. 6). The loca-
tion of these currents corresponds to the region in the QSL that
has the highest squashing degree Q. It is the core of the QSL.
In the limit of infinitely thin QSLs, this region corresponds to
the intersection of two separatrices, which is called a separator.
Contrary to a separator, which is a singular line, the HFT is a
complex layer-like volume that takes the very elongated shape
of the QSLs at the boundary, as shown in Eq. (6)).
For the specific configuration Φ = 150◦ at t = 38 evolved
with twisting motions, Fig. 8 shows the comparison of the
squashing number in the vicinity of the HFT, calculated from
global field line integrations with both the magnitude and the
width of the current layers calculated from the local magnetic
field derivatives. The Q map was calculated as explained in
Sect. 2.3, except that the grid was defined on the plane y = 0.07
(instead of z = 0) and that the field lines were integrated in both
directions from this plane. A similar behavior was found in all
our runs. It is obvious that even though the strongest currents
are the distributed ones at low altitude, the current layers are
narrower within QSLs. These narrow currents reach their min-
imum thickness within the core of the QSLs, i.e. in the HFT.
As mentioned in Sect. 4.2, it is also clear from Fig. 8 that the
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Fig. 7. (Left column): greyscale images of
the electric currents at the lower boundary
j(z = 0) in logarithmic scale. In all pan-
els, white (resp. dark grey) corresponds to
j(z = 0) = 850 (resp. 10−3). (Right column):
greyscale images of the squashing degree at
the lower boundary Q(z = 0) in logarith-
mic scale. As in Fig. 3, for Φ = 120◦ (resp.
150◦), white corresponds to Q = 5 (resp. 6)
and black to Q = 1.3 × 105 (resp. 1011).
currents which form in the MHD simulations are broader than
the unresolved central peaks of the QSLs.
At early times, the current layer, which develops in the
vicinity of the HFT at high z, first has a nearly circular shape
in the (x, z) plane around y = 0, with four extensions along the
QSLs. Its diameter is ∼3 × 10−2 ∼ 20d. In the case of twisting
motions, it is a combination of the outer parts of the extended
currents and of the currents which form right in the middle of
the HFT. This combination explains the spatial shift between
the center of the current sheet and of the HFT visible in Fig. 8.
In the case of translation motions, however, the maximum cur-
rents are almost co-spatial with the center of the HFT. Then
in all our runs, as time progresses, this current layer flattens
vertically along z and slowly expands horizontally, mostly
along x. We thus find that, whatever the precise form of the
boundary motions, HFTs are preferential places for the forma-
tion of an intense current layer.
We checked that no stagnation point for the velocity ever
forms in the vicinity of the HFT in any of our simulations.
This is again contradictory to the restricted conditions that
Galsgaard et al. (2003) found for current sheet formation
in HFTs. This quantitative diﬀerence is probably due to our
much thinner pre-existing QSLs combined with the absence
of special symmetry properties in our models. All our mag-
netic field lines are rooted in one single line-tied plane (whereas
Galsgaard et al. 2003, considered a straightened configuration
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Fig. 8. Color images of 2D slabs (in x, z) at y = 0.07 of the HFT for the configuration Φ = 150◦ at t = 38 evolved with twisting motions (see
Fig. 6, lower-right panel). (Left panel): logarithm of the squashing degree = log Q. (Middle panel): inverse of the scale-length of the magnetic
field gradients in current layers = /b. (Right panel): magnitude of the electric currents = .
between two opposite line-tied plates), and only one of our four
polarities is located in the boundary flow region (whereas all
four polarities are displaced in Galsgaard et al. 2003). The pre-
cise dynamics and geometry of the HFT current sheets in our
simulations are still controlled by the form of the line-tied mo-
tions, as shown in Fig. 6. The steepening of the current layer is
mostly due to local compressive shearing motions, which result
from a combination of the diﬀerent vertical expansions and of
the horizontal rotations of the field lines across the HFT, since
they have diﬀerent sizes and are not rooted in the same regions
at z = 0. It is then natural that Galsgaard et al. (2003) could
not obtain this behavior and thus needed to create a stagnation
point so as to create a current sheet at the HFT, considering the
absence of both short and long field lines in their straightened
magnetic field configuration.
Electric current and magnetic field profiles along z for fixed
(x, y) positions passing through the middle of the HFT are
shown in Fig. 9; from these plots, one can estimate more quan-
titatively what the greyscale levels correspond to in Figs. 6
and 7. The potential field profiles are also drawn for compar-
ison. These plots are comparable in the sense that they cor-
respond to the formation of similar small scales in the HFT.
These plots suggest that for a given magnetic configuration,
the broader the QSLs are for its potential field, the longer the
twist can be applied on the boundary and the higher the electric
currents can be generated in the HFT, before the latter reach the
scale of the mesh, i.e. the dissipative scale.
In all our simulations, provided that the viscous term was
well adapted, the steep magnetic field gradients which progres-
sively form in the HFT invariably caused numerical instabili-
ties after several tens of Alfvén times, which eventually halted
the simulations. We verified that increasing η permits to further
evolve the systems for longer times. But we did not pursue in
this direction, since the aim of this paper was to study the for-
mation of current layers and their possible collapse at the scale
of the mesh, with reduced diﬀusive eﬀects.
The Lorentz forces are the strongest at the HFT. First anal-
yses show that once the scale-lengths are small enough, the
Lorentz forces lead to an undriven collapse of the current layer,
and they accelerate the plasma at its outer edges for non-
zero resistivities. This results in a magnetic reconnection-like
Fig. 9. Plots of the three components of b and j along z at (x, y) =
(−0.02, 0.07). The whole domain along z is shown. In the first and
second rows, (continuous-red, dashed-blue, long-dashed-green) lines
respectively correspond to (bx , by, bz). In the third row, (continuous-
red, dashed-blue, long-dashed-green, thick-continuous-black) lines re-
spectively correspond to ( x, y, z, ). In both cases, the location of
the smallest scale for b associated with the narrowest peak of  cor-
responds to the HFT. Note that in this region, when the same small
scale is achieved, the jump in b, so the current magnitude, is larger for
initially wider QSLs (i.e. for Φ = 120◦ shown in the left column).
process, but the related change of connectivity during the dif-
fusion is not discontinuous. Instead the field lines tend to slip
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along each other on both sides of the HFT, while their foot-
points at z = 0 quickly shift along the QSLs over long dis-
tances. Field line slippage was in fact first envisioned in the
general context of magnetic reconnection with no null point by
Priest & Démoulin (1995). Theoretical arguments for it were
developed by Priest et al. (2003). It was only recently identified
in non-zero βMHD simulations of reconnection within a thick
HFT (Pontin et al. 2005) and between sheared arcades in the
frame of prominence modeling (DeVore et al. 2005; Aulanier
et al. in preparation). We thus believe that this specific behav-
ior is the generalization magnetic reconnection from 2D to 3D,
when neither null points nor separators are present in the sys-
tem. Detailed analysis of this process in zero-β for our modeled
configurations will be the object of a forthcoming paper follow-
ing the present one.
5. Discussion
5.1. Summary
We considered two quadrupolar configurations (Figs. 1 and 2).
They only diﬀered by the respective angle made between the
axes of the large outer and the small inner bipoles within one
configuration. In spite of their quadrupolar nature, these config-
urations were, strictly speaking, bipolar. They did not possess
separatrices. They still had strong gradients of field line con-
nectivity in regions called QSLs (Figs. 3 and 4).
We considered two types of line-tied boundary motions,
with zero-β resistive MHD simulations, using a 191×161×170
non-uniform mesh. These motions were prescribed so as to dis-
place only the field line footpoints within one of the polarities
of the inner bipole, either by translation, or by twisting motions
(see Fig. 5). Their maximum velocity was very sub-Alfvénic,
allowing tens of wave reflections from one footpoint to an-
other. They led to the advection of field lines over distances
that were small compared to the characteristic scale-lengths
of the configurations (see Fig. 1). Their gradients had typical
scale-lengths which were between that of one single polarity
and that of the whole quadrupolar configuration. These flows
neither possessed any stagnation point at the line-tied bound-
ary nor did they result in the formation of stagnation points in
the domain as a result of the MHD evolutions.
The prescribed motions firstly resulted in the development
of extended quasi force-free currents. The location and am-
plitude of these currents were directly related to the form
of the motions, as is the case in all line-tied magnetic field
simulations.
The key result is that these motions also invariably resulted
in the formation of very narrow current layers, even though
no true magnetic separatrices were present in the systems (see
Fig. 6). These narrow current layers were always cospatial with
the QSLs for various footpoint motions (see Fig. 7). Most QSLs
already existed in the potential fields, and the evolution of their
shapes mainly resulted from the advection by the boundary mo-
tions. Some secondary QSLs also formed where the boundary
motions had the steepest shear gradients. Current layers natu-
rally developed in these QSLs as well.
The thin volume corresponding to the highest squashing de-
gree Q of the QSLs had a specific shape which led us to call it
a HFT. For long enough motions, the strongest and narrowest
current layer developed around the HFT (see Figs. 6 and 8),
even though no stagnation point ever formed in this region. In
typical magnetic configurations that possess separatrices, a cur-
rent sheet is known to form with almost all kinds of boundary
evolution at the separator, or at the null point if the 3D separa-
trix is only made of a fan surface and a singular spine field line.
The current layer forming at the HFT is a generalization of the
latter for configurations without separatrices, but with QSLs in-
stead. When the magnetic field gradients reached the scale of
the mesh, numerical instabilities developed as a natural result
of the formation of unresolved gradients in this region. This
instability could only be prevented by increasing the resistiv-
ity. Comparisons of several configurations have shown that the
wider the QSLs were in the potential field, the stronger the cur-
rents became in the HFT before they reached the dissipative
scale (see Fig. 9).
Since we varied both magnetic field configurations and
footpoint motions, we started exploring the parameter space.
The generic characteristics of our results on the development
of electric currents suggests that they must also be valid in any
magnetic configurations that have thin QSLs.
5.2. A model for solar flares: topology, energy build-up
and switch-on of reconnection
Our results have strong implications for the physics of solar
flares in general. Flare models that are based on magnetic re-
connection in narrow current layers can be divided into two
main classes. The first class involves a large-scale MHD insta-
bility (e.g. Amari & Luciani 1999) or a global non-equilibrium
(e.g. Forbes 2000), which results in a fast flux tube deformation
on time-scales that can be Alfvénic. The latter leads to strong
vortical and/or compressive motions, which naturally results
in the dynamic formation of narrow current layers and in the
triggering of reconnection, with or without complex topologies
in the pre-flare configuration. Since we have considered only
modest footpoint motions, our simulations are not directly rel-
evant to these models. The second class of flare models con-
siders the slow buildup of large current sheets in separatrices
(Somov 1992, and references therein). They predict that the
width of the current sheets that spontaneously form in sepa-
ratrices tends to zero in the limit of infinite Lundquist num-
ber (e.g. Aly 1990; Lau 1993). So they require that the current
sheets do not diﬀuse for a long time (which is problematic,
as discussed by Low & Wolfson 1988), before reconnection is
switched on due to the triggering of plasma (or MHD) instabil-
ities within the current sheets when some threshold is reached.
Our simulations extend the latter models, and provide natural
solutions to their diﬃculties.
In magnetic configurations which initially contained
broader QSLs, the electric currents in the HFT increased to
higher magnitudes when the magnetic field gradients reached
the dissipative scale (Sect. 4.3). Then if the fast energy release
is not the result of a global instability, as in our simulations,
974 G. Aulanier et al.: Current sheet formation in QSLs and HFTs
the narrower the initial QSLs are, the shorter the time it takes
to reach the dissipative scale and the less energy is likely to be
accumulated before (and released during) a flare-like event.
We then argue that the most energetic solar flares that are
not triggered by an early large-scale ideal instability must oc-
cur in magnetic configurations whose corresponding potential
field have broad QSLs. This is rather counter-intuitive if one
considers the long history of the separatrix-related flare models
mentioned above, which involve the formation of long current
sheets, which are spontaneously infinitely thin, during the en-
ergy build-up phase.
Let us now rescale our models to solar units for an ac-
tive region. Typically, distances between P2 and N2 should
be ∼20 Mm, photospheric velocities should be ∼0.1 km s−1,
and Alfvén speeds should be ∼103 km s−1. In this context, the
Alfvén time is ∼20 s and the photospheric velocity is ∼10−4 of
the Alfvén speed. In our simulations forΦ = 120◦, the currents
in the HFT reached the scale of the mesh in ∼102 Alfvén times,
and we used a line-tied velocity of ∼10−2 of the Alfvén speed.
The energy build-up phase converted to solar units should then
be of the order of ∼104 Alfv´en times, i.e. ∼2.3 days. This is
of the order of the observed time-scales. We then propose that
the above estimations, combined with the slow driven grad-
ual steepening of the magnetic field gradients in the vicinity
of a HFT, until they reach small dissipative scales, permits to
solve the long standing paradigm for both the long-duration
energy storage before a flare takes place, and for the switch-
on of magnetic reconnection during the impulsive phase of the
flare. This has been, in fact, one of the main problems in line-
tied separatrix-related models, as discussed by Low & Wolfson
(1988).
Our results then support and extend past works that asso-
ciate temporal and spatial properties of observed solar flares
with QSLs computed from magnetic field extrapolations. When
the magnetic configuration has a low free magnetic energy
stored or when the configuration is strongly quadrupolar, the
potential field extrapolations of observed photospheric magne-
tograms and calculation of the resulting QSLs are suﬃcient to
predict where a flare can potentially take place (Démoulin et al.
1997; Gaizauskas et al. 1998). When the distributed currents
are important (so the free energy is high) and the configura-
tion is more bipolar, force-free field extrapolations are needed
to determine the location of the QSLs with more accuracy, so
the flare location (Mandrini et al. 1996; Schmieder et al. 1997;
Bagalá et al. 2000). Extrapolations and QSLs should then also
be useful for predictingthe acceleration sites and trajectories of
solar energetic particles in flares.
5.3. The role of QSLs in coronal heating
Many models exist for heating the corona by the dissipation
of thin current layers, as extensively reviewed in Mandrini
et al. (2000). The related currents can either be of the AC
(alternative current) or of the DC (direct current) type. Only
the latter are related to low-frequency perturbations such as
sub-Alfvénic line-tied footpoint motions. Presently, observa-
tional constraints permit to select the most relevant models
(Démoulin et al. 2003; Schrijver & Title 2005). DC type mod-
els are among the ones which fulfill observational require-
ments.
Recently, Gudiksen & Nordlund (2005) have performed
MHD simulations of turbulent flux braiding in a potential field
that was extrapolated from an observed magnetogram. The de-
velopment of narrow current layers in their simulations was
due to the line-tied driving. Since their boundary flows follow
a turbulent power-spectrum, it should naturally create small
scales and stagnation points in the velocity profiles, as directly
prescribed in the simulations of van Ballegooijen (1986) and
Galsgaard et al. (2003). Thus, one may argue that the topology
of the flow was directly at the origin of the current layers which
develop within the coronal volume.
Here we propose that another eﬀect might play a non-
negligible role in this particular simulation, and on the Sun
more generally, based on the idea that well developed active
regions are typically composed of numerous flux concentra-
tions. Even with strictly bipolar and potential configurations,
Démoulin & Priest (1997) found very thin QSLs, when sev-
eral flux concentrations were embedded in a (non-zero) weaker
vertical field background. They show that the QSL thickness
strongly depends on the intensity of this background. In the
present paper, we have shown numerically that narrow cur-
rent layers spontaneously develop in such QSLs, even though
we considered much simpler configurations with only two flux
concentrations on each side of the inversion line. So we believe
that at least some of the current layers in Gudiksen & Nordlund
(2005) must be associated with QSLs defined by the magnetic
flux concentrations at the boundary, rather than with the topol-
ogy of the boundary flows, which must anyway create others
QSLs, even if the magnetic field is initially homogeneous.
This conjecture and its associated time-scales should be
tested in the future. If QSLs associated to the flux concen-
trations dominate in general, their calculation in potential (or
force-free) field extrapolations of any high resolution magne-
togram could be a good proxy not only for the occurrence of
solar flares, but also for the locations where coronal heating re-
sults in the illumination of discrete loops in EUV images of the
corona. Wang et al. (2000) and Fletcher et al. (2001) provided
first observational evidences of this.
Appendix A: Numerical and physical issues
regarding resistive and viscous effects
in separatrices and QSLs
For the bipolar magnetic configurations that we studied, es-
pecially for Φ = 150◦, but also for more general configura-
tions, the profile of the squashing degree Q can be very strongly
peaked (Démoulin et al. 1996a,b; Titov et al. 2002). This peak
is, in fact, infinitely high and thin in the case of separatri-
ces. The related full width at half maximum of the Q profiles
can then often be orders of magnitudes below the grid reso-
lutions presently achievable in MHD simulations. We argue
that in an ideal plasma, the continuous characteristics of the
ideal MHD equations (with neither resistive nor viscous eﬀect)
should physically advect the field lines in the volume according
to the line-tied boundary motions. We believe that this physical
G. Aulanier et al.: Current sheet formation in QSLs and HFTs 975
advection should then typically form thin current layers, with
a thickness comparable to the QSL thickness (zero in the case
of a separatrix, see e.g. Aly 1990; Low & Wolfson 1988; Lau
1993). The width of the current sheets that form is of major im-
portance for flare and reconnection modeling, since it clearly
determines the diﬀusive time, thus the duration of energy stor-
age (see Sect. 5.2) and the reconnection rate (see e.g. Sweet
1958; Petsheck 1964).
If the physical behaviour described above is also true when
discretized equations are used in a numerical simulation, the
line-tied motions should try to form sharp current layers at the
QSLs on a time-scale of the order of the travel time of Alfvén
waves along a QSL field line, and at a scale below the grid reso-
lution, thus further leading to a quick numerical instability over
a few time steps. This fast instability clearly does not happen
in our simulations. It does happen in the HFT, but only after
tens of Alfvén time units. Outside the HFT, but still within the
QSLs, all our simulations result in current layers that are indeed
narrow, but that are still resolved and far wider than the QSL
itself (see Fig. 8 and Table 2). The same behavior is found in
many separatrix line-tied 2.5D MHD simulations (e.g. Ma et al.
1995; Longcope & Magara 2004), which should physically re-
sult in spontaneous zero-width current sheet formation (as dis-
cussed by Low & Wolfson 1988). In the case of MHD numeri-
cal simulations, three questions therefore arise:
(1) How is the discretized system of MHD equations sensitive
to the QSL small-scales (or separatrix zero-scale) that al-
ready exist below the mesh resolution at t = 0?
(2) How do the resistive and viscous terms control the width of
the current layers that form around separatrices and QSLs?
(3) How reliable are line-tied simulations of unresolved QSLs
and separatrices in the calculation of time-scales associ-
ated with reconnection (duration of the energy storage and
reconnection rate)?
In order to discuss these major issues, we performed two other
simulations (hereafter labeled “S1” and “S2”) of our sharpest
case: Φ = 150◦ with twisting motions. Both simulations were
done with exactly the same settings as the original (let us call
it “S0”), except that η = 0 in S 1 and η = 0 and uν
(t > 13) = 0
in S2. S1 surprisingly gave very similar results to S0. In particu-
lar, the narrow current layers that formed in the QSL, although
they were slightly more intense, spontaneously developed on
the same (resolved) scale, for tens of time units. The main dif-
ference is that S1 was halted earlier than S0, at about t ∼ 31
instead of 40, because of numerical instabilities developing in
the HFT, not elsewhere in the QSL. This earlier instability was
expected oﬀ course, since the current build up at the HFT was
not weakened by diﬀusion. However the long duration of the
ideal simulation was not expected according to the idea that
magnetic diﬀusion was not there to ensure that the current lay-
ers within the QSLs remained resolved. S2 remained stable for
about one Aflvén time after the viscous term was set to zero
at t = 13, and fast growing numerical instabilities stopped the
run by t ∼ 15. Even though common sense tells us that set-
ting all diﬀusive terms in an MHD simulations cannot result in
anything else than a numerical instability, we still performed
this run to see where and how the instability first developed.
We found that it did not occur in the HFT, but on both sides
of the magnetic configuration, around (x, z) = (±0.25, 0.18).
These regions did not correspond to the strongest squashing
degree Q, but rather to the regions where the ratio between the
(non-uniform) grid size to the width of the unresolved QSL
peak was the highest.
Comparing the three simulations permits us to give some
answers to the questions addressed above.
(1) Since with no diﬀusive term, numerical instabilities first
and very quickly develop where the QSLs are the least re-
solved, we argue that our MHD code is somehow aware of
the field line connectivities, even if the latter have strong
unresolved gradients. Since our numerical scheme (de-
scribed in detail in Aulanier et al. 2005) has no explicit fea-
ture to ensure this, we believe that it is a general property
of all explicit codes that do not incorporate any important
scheme-based diﬀusive eﬀects.
(2) Since a simulation with only viscosity is barely distin-
guishable from another one with both viscous and resis-
tive eﬀects, it appears that not only resistivity, but also
viscosity, is a determining factor in the broadening of cur-
rent sheets. The eﬀect of the latter is in fact to smoothe
the velocity profiles that result from the Aflvén waves that
transport the information from one field line footpoint to
another. So the shearing profile of the magnetic field on
both sides of the QSL at z > 0 is artificially broadened,
regardless of any resistive eﬀect. This issue is not men-
tioned often in numerical simulations of separatrices and
null points, which tend to focus their parameter study on
the value of the Lundquist number.
(3) Since viscosity and resistivity both limit the width of the
current layers (to achieve long runs), it seems that the slow
amplification of electric currents in magnetic field gradi-
ents that are on the scale of the mesh (i.e. the pre-flare
energy build-up phase) is fully conditioned by the diﬀu-
sive terms, which are always much higher than in a real
plasma. Hence, the current sheet gradual stretching that is
calculated in unresolved HFTs (see Fig. 8, middle panel) or
at the intersection of separatrices (e.g. Biskamp 1986; Ma
et al. 1995; Longcope & Magara 2004) may then be un-
physical. This could have strong consequences in the eval-
uation of reconnection rates.
In a real physical system such as the solar corona, however, the
continuous MHD equations are applicable to a much broader
range of spatial scales than in present numerical simulations.
We conjecture that the true width of the current layers within
QSLs should then be defined by the true profile of the squash-
ing degree Q (as in Fig. 8, left panel), while the boundary mo-
tions should define the precise current magnitude within these
thin layers. The central peak of Q can have very high values,
tending to infinity for a true separatrix, and the peak width
can be extremely narrow, tending to zero for a true separatrix).
Physical limitations to achieve these small scales should then
be micro-physics (diﬀusive) eﬀects and finite time evolutions,
if the characteristic wave propagation speed is locally slow,
e.g. in the vicinity of a magnetic null point. More generally,
this implies that the gradual amplification of electric currents
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in QSLs can only be possible as long as the later are broader
than the physical dissipative scale, whatever its precise nature
(resistive or collisionless). This suggests that slow line-tying
motions around separatrices cannot account for anything more
than steady coronal heating, since there, the currents readily
form at the dissipative scale.
All these conjectures are diﬃcult to test quantitatively,
since resolving thin QSLs numerically is diﬃcult. For very
thin QSLs, MHD simulations should be performed with very
small grid scales (see the values of δQ,H given in Table 2),
which are hardly reachable with present computers facilities.
Adaptive mesh refinement techniques are plausible ways to
study a much larger range of scales. For wider QSLs, the am-
plitude of footpoint motions required to generate enough cur-
rents in the initial QSLs may be so large that new QSLs may
form earlier on smaller scales, due to the prescribed velocity-
field topology at the boundary. The newly formed QSLs can
become much thinner than the initial QSLs, thereby dominate
the current buildup. This is what happened in the simulations of
Galsgaard et al. (2003), as discussed in Démoulin (2005). Since
our configuration for Φ = 120◦ has QSLs that remain resolved
during about one fourth of the duration of our simulations, a
compromise between both possibilities should be possible to
investigate in a close future.
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Abstract. Several recent studies have developed the measurement of magnetic helicity flux from the time evolution of photo-
spheric magnetograms. The total flux is computed by summing the flux density over the analyzed region. All previous analyses
used the density GA (=−2(A ·u)Bn) which involves the vector potential A of the magnetic field. In all the studied active regions,
the density GA has strong polarities of both signs with comparable magnitude. Unfortunately, the density GA can exhibit spuri-
ous signals which do not provide a true helicity flux density. The main objective of this study is to resolve the above problem
by defining the flux of magnetic helicity per unit surface. In a first step, we define a new density, Gθ, which reduces the fake
polarities by more than an order of magnitude in most cases (using the same photospheric data as GA). In a second step, we
show that the coronal linkage needs to be provided in order to define the true helicity flux density. It represents how all the
elementary flux tubes move relatively to a given elementary flux tube, and the helicity flux density is defined per elementary
flux tube. From this we define a helicity flux per unit surface, GΦ. We show that it is a field-weighted average of Gθ at both
photospheric feet of coronal connections. We compare these three densities (GA, Gθ, GΦ) using theoretical examples repre-
senting the main cases found in magnetograms (moving magnetic polarities, separating polarities, one polarity rotating around
another one and emergence of a twisted flux tube). We conclude that Gθ is a much better proxy of the magnetic helicity flux
density than GA because most fake polarities are removed. Indeed Gθ gives results close to GΦ and should be used to monitor
the photospheric injection of helicity (when coronal linkages are not well known). These results are applicable to the results of
any method determining the photospheric velocities. They can provide separately the flux density coming from shearing and
advection motions if plasma motions are known.
Key words. Sun: magnetic fields – Sun: photosphere – Sun: corona
1. Introduction
The theoretical importance of magnetic helicity in understand-
ing the magnetohydrodynamic (MHD) evolution of magnetic
fields was recognized a long time ago (e.g. Berger & Field
1984). However it is only during the last years that attempts
were made to measure magnetic helicity from solar and inter-
planetary observations. Magnetic helicity (unlike current helic-
ity) is one of the few global quantities that is conserved even
in resistive MHD on a time-scale less than the global diﬀusion
time-scale. Thus magnetic helicity studies make it possible to
trace helicity as it emerges from the sub-photospheric layers
to the corona and then is ejected via coronal mass ejections
(CMEs) into interplanetary space, reaching the Earth as mag-
netic clouds (MCs).
Presently most developments have been done at the photo-
spheric level because the magnetic field is mainly measured
there in the solar atmosphere. The flux of magnetic helicity
from diﬀerential motion is usually found to be too small (typ-
ically a factor 10) to explain the helicity ejected in CMEs
 Appendix A is only available in electronic form at
http://www.edpsciences.org
(Démoulin et al. 2002; Green et al. 2002; Nindos et al. 2003).
Most of the helicity flux comes from local motions within ARs
(e.g. Nindos et al. 2003; Chae et al. 2004; Kusano et al. 2005),
with a negligible contribution from the quiet Sun (Welsch &
Longcope 2003).
The horizontal photospheric velocities, needed to compute
the helicity flux, are determined by tracking the evolution of
the magnetic field. The most widely used are local correlation
tracking (LCT) methods. Two important parameters in LCT
have to be properly chosen: the FWHM (full width at half max-
imum) of the apodizing function and the time interval between
the two images to be compared. Chae et al. (2004) made a
quantitative estimate of the eﬀects of both parameters. They
found that, when averaged over a time period of, or larger than,
one hour the average flux of helicity is the same within 10%.
The LCT method still has limitations (Démoulin & Berger
2003; Kusano et al. 2005), e.g. it gives only the mean veloc-
ity of several flux tubes (the average is done by the apodizing
function which needs to be several pixels width). Then Kusano
et al. (2002) proposed a method which uses the vertical compo-
nent of the induction equation. In fact the velocity of flux tubes
cannot fully be deduced from the induction equation and part
Article published by EDP Sciences and available at http://www.edpsciences.org/aa or http://dx.doi.org/10.1051/0004-6361:20052663
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of the velocity is still computed from the LCT method (Welsch
et al. 2004). When the transverse magnetic field is available,
Kusano et al. (2005) developed a method which minimize the
input from the LCT, while Longcope (2004) proposed a method
which uses only the induction equation and minimizes the pho-
tospheric “kinetic energy”.
Whatever is the method used to derive the photospheric ve-
locities, the injection of magnetic helicity has complicated pat-
terns both in space and time. In particular, Chae et al. (2001,
2004); Kusano et al. (2002, 2005); Moon et al. (2002b); Nindos
et al. (2003) found that the total flux of magnetic helicity over
an AR is usually the summation of opposite sign contributions
which usually have similar magnitude (then the net flux is much
lower than the unsigned flux).
Why does the derived helicity flux have so much mixed-
sign polarity? It could come from the eﬀect of turbulence on
the magnetic flux tubes in the convection zone. But before look-
ing for any physical implications, either in the convective zone,
or in the corona, the notion of helicity flux (per unit surface)
should be re-visited. Magnetic helicity is a global quantity, and
it is not obvious if a helicity density and a helicity flux per unit
surface have any physical meaning.
The definition of the relative magnetic helicity and its in-
jection via boundary motions are briefly summarized in Sect. 2.
Then we explore three diﬀerent possibilities to define a helic-
ity flux per unit surface: the first one, GA, was used to ana-
lyze all previous observations (Sect. 3.1), a second one, Gθ,
which gives better results (Sect. 3.2) and a third one, GΦ, which
has the required property of a density (Sect. 3.3). The two first
densities, GA and Gθ, can be computed with only photospheric
observations while GΦ needs the coronal connectivities which
are, in practice, diﬃcult to observe. We then explore, with ba-
sic configurations, the advantages of using Gθ rather than GA,
and compare with GΦ, in Sect. 4. Then we conclude on the best
way to derive the photospheric flux of magnetic helicity with
present observations (Sect. 5).
2. Magnetic helicity
2.1. Relative magnetic helicity
The magnetic helicity of a divergence-free field B within a vol-
umeV, bounded by a surface S, was first defined by:
Hc =
∫
V
A · B d3x, (1)
where the vector potential A satisfies B = ∇ × A. However
Eq. (1) is gauge invariant (independent of Φ where A′ = A +
∇Φ) only when the magnetic field is fully contained inside the
volumeV (i.e. at any point of S, the normal component Bn =
B · nˆ vanishes).
In the case whereV is part of the corona, we clearly have
magnetic fluxes crossing S (in particular for the part of S lo-
cated at the photospheric level). Berger & Field (1984) have
shown that for cases where Bn  0 on S one can define a rela-
tive magnetic helicity, H, by subtracting the helicity of the po-
tential field Bp (Bp has the same normal component Bn on S).
An expression for H, valid for any gauge is (Finn & Antonsen
1985):
H =
∫
V
(
A + Ap
)
·
(
B − Bp
)
d3x. (2)
2.2. Flux of magnetic helicity
The time variation of H can be written in general as (Berger &
Field 1984):
dH
dt
∣∣∣∣∣
Tot
= 2
∫
S
(Ap × E) dS
−2
∫
V
E · B d3x − 2
∫
S
∂Ψ
∂t
Ap · dS, (3)
where Ψ is defined by Bp = ∇Ψ (potential field), E is the elec-
tric field associated to B evolution, and dS is the elementary
surface directed outside the volume V. The last term on the
right has been computed with the gauge:
∇ · Ap = 0. (4)
Below we will always use this gauge. The last term of Eq. (3)
vanishes if we select the boundary condition:
Ap · nˆ = 0, (5)
with nˆ dS = − dS. This choice is compatible with the gauge
selection (Eq. (4)).
With E = −u × B + R in resistive MHD, R being the non-
ideal resistive term, Eq. (3) becomes:
dH
dt
∣∣∣∣∣
Tot
= 2
∫
S
[(
Ap · B
)
vn −
(
Ap · u
)
Bn
]
dS
−2
∫
S
(
Ap × R
)
n
dS − 2
∫
V
R · B d3x. (6)
Since the dissipation of magnetic helicity is very small (Berger
1984), we consider below only the first integral, i.e. the ideal
MHD flux of helicity. With the boundary condition given by
Eq. (5), the two terms of the integral have a clear physical in-
terpretation: the first term corresponds to inflow (or outflow)
of helicity through S (advection term), while the second term
corresponds to helicity flux by footpoint motions parallel to S
(shear term).
2.3. Estimation of the flux from observations
Present magnetograms provide B on S located in the photo-
sphere. From Bn distribution on S and Eq. (4) one can de-
rive the vector potential Ap (an explicit formula is given be-
low in Eq. (14)). The observed evolution of the magnetic field
can provide an estimation of the velocities. It is then possi-
ble to estimate the photospheric flux of helicity from present
observations.
Initially, since only horizontal velocities were deduced
from the temporal evolution of Bn, it was supposed that only the
shear term could be derived (e.g. Chae et al. 2001; Nindos &
Zhang 2002; Moon et al. 2002b). However, the magnetograms
of Bn permit us to follow the photospheric intersection of the
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magnetic flux-tubes but not the evolution of the plasma (even
if the plasma is frozen in the field, the two velocities are usu-
ally diﬀerent). From the observed magnetic evolution one can
estimate the flux-tube motion, not the plasma motion, parallel
to S. Let ut be the plasma velocity tangent to the photosphere
and vn be the velocity perpendicular to the photosphere. With
the velocity of the footpoints of flux tubes, u, defined as
u = ut − vnBn Bt, (7)
the helicity flux given by Eq. (6) simplifies to
dH
dt = −2
∫
S
(
Ap · u
)
Bn dS, (8)
allowing the full helicity flux to be deduced (Démoulin &
Berger 2003, but with several possible caveats as discussed
therein). Nindos et al. (2003) have used Eq. (7) in order to de-
rive the full helicity flux from observations.
Several methods have been developed to derive the veloci-
ties from observed Bn evolution (see Sect. 1). The LCT method
follow explicitly the magnetic flux, so derive an estimation
of u. But even the methods using the normal component of the
ideal induction equation (combined in diﬀerent ways with the
LCT method) can only give an estimation of u, since the induc-
tion equation can be rewritten as (Démoulin & Berger 2003):
∂Bn
∂t
= −∇t(Bnu). (9)
Since flows along B have no eﬀect on the helicity flux (they
do not change E = −u × B), vector magnetograms allow us
only to compute from u the velocity u⊥ locally orthogonal to B
(Welsch et al. 2004). However, we cannot interpret the normal
component v⊥,n as a plasma velocity crossing S (like for vn).
Since v⊥,n can be written as:
v⊥,n = u · nˆ− (u · B)B2 B · nˆ (10)
for example if we consider plasma motions only tangential
to S, then v⊥,n  0 at every location where B is not orthog-
onal to u. This leads to the false impression that some flows are
crossing S.
The above arguments imply that we cannot fully separate
the shear and advection terms in Eq. (6) if we are using the
LCT or/and the induction equation to derive the velocities. The
only part which can be separated un-ambiguously is the part of
the shearing term associated to the velocity component orthog-
onal both to nˆ and Bt (this part cannot come from emergence
as shown by Eq. (7)). The other part of the shearing term can
always be re-interpreted as an advection term and vice versa.
In order to separate the shearing and advection terms, we
need to derive the full plasma velocity vector u. Measuring the
Doppler velocity gives only one component of the plasma ve-
locity but it can be combined with the determination of u to get
an estimate of u. The method of Longcope (2004) provides this
possibility within the framework of minimizing a functional.
Then, if we know both u and B, we can separate the shearing
and advection terms in Eq. (6). However we can always rewrite
them as in Eq. (8) with u replaced by ushear = ut for the shear-
ing term, and uadvec = −Btvn/Bn for the advection term. So we
have:
dH
dt
∣∣∣∣∣
shear
= −2
∫
S
(
Ap · ut
)
Bn dS, (11)
dH
dt
∣∣∣∣∣
advec
= −2
∫
S
(
Ap · uadvec
)
Bn dS. (12)
Below we use u generically but all the results apply to shear
and advection terms separately or to their sum depending on
the data available.
3. Flux density of magnetic helicity
3.1. Flux density involving the vector potential
Equations (8), (11), (12) seem to suggest that the quantity
GA(x) = −2(Ap · u)Bn (13)
could be a candidate for the helicity flux density. GA has been
used extensively to monitor the spatial distribution of magnetic
helicity flux in previous studies of active regions (Chae 2001;
Chae et al. 2001, 2004; Kusano et al. 2002, 2005; Nindos &
Zhang 2002; Nindos et al. 2003; Moon et al. 2002a,b).
However GA is non null even with simple flows which do
not input any magnetic helicity to the coronal field! For exam-
ple, consider a simple circular magnetic region (with Bn > 0)
moving in a straight line. In the classical Coulomb gauge, the
vector field Ap is toroidal, while u is constant (say, u = U0eˆx).
Then GA will be positive in the top half (y > 0) of the region,
and negative in the bottom half (see Fig. 1). Indeed GA intro-
duces artificial polarities of both signs with most of the flow
patterns. These amplitudes are analyzed for some basic flows
in Sect. 4.
3.2. Flux density involving relative velocities
In order to solve the above problem, Ap should be explic-
itly written in terms of the magnetic field (using the gauge of
Eq. (4)). For simplicity we assume that the solar photosphereS
is planar. In this geometry the field Ap is especially simple
(Berger 1984):
Ap(x) = 12π nˆ×
∫
S′
Bn(x′) r
r2
dS′, (14)
where r = x − x′ is the vector between the two photospheric
positions defined by x and x′.
Using Eq. (14), we obtain an expression for dH/dt (Eq. (8),
but also Eqs. (11), (12)) that depends only on observable pho-
tospheric quantities (Bn, r and u):
dH
dt = −
1
π
∫
S
∫
S′
r × u(x)
r2
∣∣∣∣∣
n
Bn(x)Bn(x′) dS dS′. (15)
Below we will let Bn = Bn(x), B′n = Bn(x′), etc. Since both
integrations are done on the same surfaces, S = S′, we can
exchange x and x′. This yields a new equation that summed up
with Eq. (15) gives:
2 dHdt = −
1
π
∫
S
∫
S′
r × [u − u′]
r2
∣∣∣∣∣
n
BnB′n dS dS′. (16)
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Fig. 1. Map of GA (Eq. (13)) for a single magnetic region execut-
ing a simple translational motion towards the right (arrow). The nor-
mal magnetic field component Bn is uniform. The grey levels shows
the strength of GA with middle grey being 0, lighter grey positive,
and darker grey negative (a color version is available in the elec-
tronic version at http://www.edpsciences.org with red/blue cod-
ing the positive/negative values). The computation has been done with
U0RB20 = 2 (Eq. (30)).
Let us define θ as the angle between r and a fixed direction onS
with trigonometric convention (counterclockwise), then
dθ(r)
dt =
1
r2
(
r × drdt
)
n
=
1
r2
(
r × (u − u′))n . (17)
Thus dθ/dt is the relative rotation rate of the two points x
and x′. This rate is independent of the choice of the fixed di-
rection used to define θ. It is an intrinsic quantity of the motion
pattern.
Equation (16) is transformed to
dH
dt = −
1
2π
∫
S
∫
S′
dθ(r)
dt BnB
′
n dS dS′. (18)
This equation shows that the helicity injection rate can be un-
derstood as the summation of the rotation rate of all the pairs
of elementary fluxes weighted with their magnetic flux (Berger
1986). It could then appear logical to define a helicity flux den-
sity Gθ(x) as:
Gθ(x) = −Bn2π
∫
S′
dθ(r)
dt B
′
n dS′. (19)
This flux density is related to the previous definition, GA
(Eq. (13)), as follow.
Gθ =
Bn
2π
nˆ · u ×
∫
S′
r
r2
B′n dS′
−Bn
2π
∫
S′
(
u′ × r
r2
)
n
B′n dS′
=
GA
2
− Bn
2π
∫
S′
(
u′ × r
r2
)
n
B′n dS′. (20)
The first term (GA/2) represents the motion of the endpoint
at x around the rest of the photospheric magnetic field. But this
gives only part of the net rotation of x about the field. To obtain
all of dθ/dt we need the second term, which gives the motion of
the rest of the field around the point x. This is why GA by itself
can produce spurious signals: it fails to accurately measure the
net rotation of x about the photospheric field.
Fig. 2. Maps of GA and Gθ (Eqs. (13) and (19)), top and bottom panel
respectively, for two magnetic regions of opposite polarity executing a
simple translational motion away from each other (as indicated by ar-
rows). Bn is uniform in both magnetic polarities. Both GA and Gθ have
two polarities in each magnetic region but with opposite sign and dif-
ferent magnitude (Gθ is lower by about a factor 10, see Fig. 4). The
shading convention is the same than in Fig. 1 (a color version is avail-
able in the electronic version at http://www.edpsciences.org).
The values used are: U0RB20 = 3 and D/R = 10/3.
For the non-rotating motion of a single footpoint illustrated
in Fig. 1, we have Gθ = 0 everywhere. Thus Gθ does not
suﬀer the same problem as GA, which displays two artificial
polarities.
However, we can still find configurations where Gθ does not
give physically sensible results. For example, consider the case
when two magnetic regions simply separate without any rota-
tion. The total helicity flux is zero. However, as seen from a po-
sition x1 within region 1, some points in region 2 will change
their relative angle; i.e. dθ(x − x′)/dt  0. For positions oﬀ
axis, there will be a net contribution to Gθ (Fig. 2).
3.3. Flux density involving field-line connectivities
The definition of Gθ (Eq. (19)) has not fully reached our goal
of defining a flux density of magnetic helicity. For that purpose
we need to consider the magnetic connectivity in the volumeV
as shown below.
The magnetic helicity injected (Eq. (18)) can be separated
into two terms:
dH
dt = +
1
2π

Bn.B′n<0
dθ
dt |BnB
′
n| dS dS′
− 1
2π

Bn.B′n>0
dθ
dt BnB
′
n dS dS′. (21)
The first term, with Bn · B′n < 0, corresponds to the relative
rotation of positive and negative polarities. For a configuration
where a flux tube emerging into the corona from the convection
zone links the opposite polarities, this term reflects the global
shape, more precisely the writhe, of the flux tube. The last term
corresponds to the flux of helicity by the rotation of each po-
larity (Bn · B′n > 0). This helicity is injected in a similar way as
twisting motions would do.
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Fig. 3. Sketch of the general connectivity of two field lines, a and c.
The field line a stretches from xa+ , where the magnetic field flux is
dΦa+ , to xa− with flux dΦa− . Similarly, the footpoint positions of the
c field line, xc+ and xc− , are respectively associated with a positive
flux dΦc+ and a negative one dΦc− . Conservation of the magnetic
flux along the flux tubes gives: dΦa = dΦa+ = dΦa− and dΦc =
dΦc+ = dΦc− .
Let us define the elementary fluxes: in the positive polarity
dΦ+ = Bn(x+) dS and a similar one for the negative polarity:
dΦ− = −Bn(x−) dS. Then we get:
dH
dt = +
1
2π
∫
Φ−
∫
Φ′+
dθ(x− − x′+)
dt dΦ− dΦ
′
+
+
1
2π
∫
Φ+
∫
Φ′−
dθ(x+ − x′−)
dt dΦ+ dΦ
′
−
− 1
2π
∫
Φ+
∫
Φ′+
dθ(x+ − x′+)
dt dΦ+ dΦ
′
+
− 1
2π
∫
Φ−
∫
Φ′−
dθ(x− − x′−)
dt dΦ− dΦ
′
−. (22)
In the above equation, the integrals are done at the boundary S
without taking into account the existing connectivity in the vol-
umeV.
Now let us organize the integrals of Eq. (22) according to
the field line connectivity. Let a be the label of a generic field
line going from xa+ to xa− Similarly, the field line labeled c trav-
els from xc+ to xc− (Fig. 3). Then we can reorganize Eq. (22) as:
dH
dt = +
1
2π
∫
Φa−
∫
Φc+
dθ(xa− − xc+ )
dt dΦa− dΦc+
+
1
2π
∫
Φa+
∫
Φc−
dθ(xa+ − xc− )
dt dΦa+ dΦc−
− 1
2π
∫
Φa+
∫
Φc+
dθ(xa+ − xc+ )
dt dΦa+ dΦc+
− 1
2π
∫
Φa−
∫
Φc−
dθ(xa− − xc− )
dt dΦa− dΦc− . (23)
While this equation has an appearance similar to Eq. (22), its
meaning is diﬀerent since the integrals are done according to
the connectivity (in V). This extra information permits us to
group the diﬀerent terms together. With dΦa+ = dΦa− = dΦa
and dΦc+ = dΦc− = dΦc, and the notation ri j = x j − xi the
above expression simplifies to:
dH
dt =
1
2π
∫
Φ
∫
Φ
(
dθ(rc+a− )
dt +
dθ(rc−a+ )
dt
−dθ(rc+a+ )dt −
dθ(rc−a−)
dt
)
dΦa dΦc. (24)
We can now define a density of helicity flux for each flux tube;
but this density is per unit of magnetic flux, not per unit surface.
Thus for the flux tube labeled a we have:
dhΦ
dt
∣∣∣∣∣
a
=
1
2π
∫
Φ
(
dθ (rc+a− )
dt +
dθ (rc−a+ )
dt
−dθ
(
rc+a+
)
dt −
dθ (rc−a−)
dt
)
dΦc. (25)
It takes into account the relative motions of all the other flux
tubes with respect to flux tube a. The total flux can be written
as the integral of the flux density:
dH
dt =
∫
Φ
dhΦ
dt
∣∣∣∣∣
a
dΦa. (26)
One can relate dhΦ/dt to Gθ at both feet of flux tube a if we
separate in Eq. (25) the contributions at xa+ from those at xa−
to get:
dhΦ
dt
∣∣∣∣∣
a
=
Gθ(xa+)
|Bn(xa+ )|
+
Gθ(xa− )
|Bn(xa− )|
· (27)
Then the helicity flux per unit magnetic flux, dhΦ/dt, is a
field-weighted average of the flux per unit surface, Gθ, at both
footpoints.
While the helicity flux density has a meaning only for each
individual flux tube, it is convenient to define a flux per unit sur-
face area. This will enable us to compare helicity injection with
other sets of observations (e.g. the location of emergence or of
flaring). A helicity flux density per unit of surface, BndhΦ/dt,
can be assigned to either the positive or the negative polarity.
Equivalently the helicity input in an elementary flux tube can
be shared at both footpoints, e.g. setting a fraction f+ = f in the
positive polarity and f− = 1 − f in the negative polarity. Then
we define the helicity flux density through S as:
GΦ(xa+ ) =
dhΦ
dt
∣∣∣∣∣
a
|Bn(xa+ )| f+
GΦ(xa− ) =
dhΦ
dt
∣∣∣∣∣
a
|Bn(xa− )| f−
(28)
where 0 ≤ f ≤ 1 is a parameter that is chosen for convenience
of representation. For example if we choose f = 1 (resp. f =
0), all the helicity flux per unit magnetic flux will be assumed
to be injected through the positive (resp. negative) footpoint
of each flux tubes. If f = 1/2, one assumes that the helicity
injection is equally shared by both footpoints.
One can relate GΦ to Gθ at both feet of flux tube a using
Eqs. (27) and (28):
GΦ(xa±) =
(
Gθ(xa± ) +Gθ(xa∓ )
∣∣∣∣∣∣Bn(xa± )Bn(xa∓ )
∣∣∣∣∣∣
)
f±. (29)
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Then the helicity flux density GΦ is a field-weighted average of
the flux density Gθ at both footpoints of the coronal flux tube.
4. Illustrative examples
The expression GΦ (Eq. (28)) defines the correct helicity flux
density. However accurately measuring GΦ will certainly be
diﬃcult because coronal connectivities are only marked by a
few loops. Moreover the ends of such loops are below coro-
nal temperatures and so usually not observed. In addition, ac-
tive region connectivity is usually complex, involving quasi-
separatrix layers (QSLs): on both sides of a QSL field lines
link very distant photospheric regions (Démoulin et al. 1997).
Usually, only some flux tubes on one side of a QSL are dense
enough to be observed. All these considerations imply that the
use of GΦ is practically limited by the available number of con-
nectivities that observations can provide. Thus it is worth con-
sidering the densities GA (Eq. (13)) and Gθ (Eq. (19)) (which
do not involve connectivity). Do these simpler densities pro-
vide measurements representative of the GΦ distribution?
4.1. Translational motion of a single magnetic polarity
In observed magnetograms, magnetic flux tubes are frequently
observed to move bodily, so we consider a simple circular mag-
netic region (with Bn uniform, = B0, in the disk of radius R)
moving with a constant velocity u = U0eˆx.
In this basic example, GA is positive in the top half of the
region, and negative in the bottom half (Fig. 1):
GA(x) = yU0B20 for |x(x, y)| ≤ R. (30)
Since GA is antisymmetric with respect to the x-axis, the he-
licity flux density is equal to 0, as it should be since there
is no helicity injection with this model. However, this clearly
shows that one must be careful when directly interpreting any
GA map: one could conclude wrongly that there is an injec-
tion/ejection of helicity while there is no helicity flux at all.
The total amount of helicity in each polarity of GA is large.
For both polarities the total absolute flux is:
dHA,+
dt =
∣∣∣∣∣dHA,−dt
∣∣∣∣∣ = 23U0B20R3. (31)
This can be compared to the helicity flux injected in one po-
larity (of flux Φ) rotating rigidly with an angular velocity
Ω = UR/R (UR is the velocity at the polarity border):
dHrot
dt =
Ω
2π
Φ2 =
π
2
URB20R
3, (32)
then
dHA,+/dt + |dHA,−/dt|
dHrot/dt
=
8
3π
U0
UR
· (33)
So the total absolute flux falsely computed with GA is similar
to the flux injected by twisting motions when the translation
motion is comparable to the rotation velocity (U0 ≈ UR)!
The above spurious contribution of GA can easily mask
the true helicity flux density, especially because the values
of UR are expected to be substantially lower than those of U0.
For example, with a twist of one turn in 10 days, UR will
be in the interval [0.005, 0.05] km s−1 with R belonging to
[103, 104] km; meanwhile U0 is frequently observed to be
of the order of several 0.1 km s−1 (e.g. maximum values 0.3
to 0.7 km s−1 for the ARs analyzed by Nindos et al. 2003).
The maximum rotation velocities deduced from the best ex-
amples of rotating asymmetric sunspots are in the interval
[0.03, 0.1] km s−1 (Brown et al. 2003), a range which is just
around the maximal magnitude estimated above for UR. Thus
U0 is expected to dominate UR in most ARs. Moreover, track-
ing methods detect translational motions much more easily
than rotating ones (Démoulin & Berger 2003; Gibson et al.
2004), so it is vital to not include the strong translational signal
in the helicity flux density.
In the above case of the translation motion of a single mag-
netic polarity, both Gθ and GΦ solve the problem perfectly:
since the rotation rate dθ(x − x′)/dt is null for every pairs of
elementary fluxes, we have
Gθ(x) = GΦ(x) = 0. (34)
4.2. Two separating magnetic polarities
4.2.1. GA and Gθ distributions
At the photospheric level, magnetic flux tubes move relative to
each other. A basic motion is the separation of two opposite
polarities (e.g. after emergence of a bipole). For concreteness,
we consider two circular opposite polarities (P+ and P−) which
separate without any rotation (so there is no helicity injection).
Their velocities are:
u− = −u+ = U0eˆx. (35)
Let O+ (O−) be the position of the centre of the positive (resp.
negative) polarity with O+O− = Deˆx. The following results can
also be applied to magnetic polarities approaching each others
(there is only a sign change for GA and Gθ).
The values of GA and Gθ at the point M(x) are:
GA(x) = ±yU0B20
(
1 − R
2
|O±M|2
)
for M ∈ P∓ (36)
Gθ(x) = ∓yU0B20
R2
|O±M|2 for M ∈ P∓. (37)
Both GA and Gθ present non zero values (Fig. 2). As explained
at the end of Sect. 3.2, Gθ presents fake polarities due to a non-
zero relative rotation rate. This clearly shows that neither GA
nor Gθ are the real helicity flux density. But Gθ gives much
lower values than GA: the ratio between GA and Gθ is equal to:
GA
Gθ
= 1 − |O±M|
2
R2
for M ∈ P∓, (38)
and so roughly only depends of the ratio D/R (we have
GA/Gθ ≈ 1 − (D/R)2 for D  R). For example, with D = 10
and R = 3 (Fig. 2) we get GA > 10 Gθ. At the limit D/R → ∞,
Eqs. (36) and (37) respectively reduce to Eqs. (30) and (34) for
an isolated magnetic polarity.
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Fig. 4. Total positive fluxes for GA and Gθ for two separating mag-
netic regions as in Fig. 2. The total fluxes (dHA/dt)+ (with GA > 0,
Eq. (39)), (dHθ/dt)+ (with Gθ > 0, Eq. (40)) and their ratio are given
in function of the separation distance D normalized to the radius R of
the magnetic regions (for D/R = 2 the magnetic regions are in tangen-
tial contact). As D/R increases, (dHθ/dt)+ decreases rapidly towards
zero, while (dHA/dt)+ saturates (giving the case of Fig. 1 for each
magnetic region). The fluxes are drawn with U0B20R3 = 27.
The total positive helicity fluxes of each magnetic polar-
ity are:(
dHA
dt
)
+,1 pol.
=
∫
S,GA>0
GA dS
= U0B20R
3 (−1/3 + f (R/D)) (39)(
dHθ
dt
)
+,1 pol.
=
∫
S,Gθ>0
Gθ dS
= U0B20R
3 (1 − f (R/D)) (40)
with f (x) = 1 − x
2
2x
ln
(
1 + x
1 − x
)
·
For D  R we have approximately:(
dHA
dt
)
+,1 pol.
≈ 23U0B
2
0R
3
(
1 − (R/D)2
)
(
dHθ
dt
)
+,1 pol.
≈ 23U0B
2
0R
3(R/D)2
so that, as the relative distance D/R between polarities in-
creases, (dHA/dt)+ tends to a constant (Eq. (31)) while
(dHθ/dt)+ decreases rapidly toward zero (as (R/D)2). In the
worst case for Gθ, when the polarities are into contact (D =
2R), the spurious unsigned total helicity flux given by Gθ is
a factor ∼ 3 lower than the flux derived by using GA (Fig. 4).
But when the borders of the polarities are only separated by
their diameter (so D = 4R) this factor reaches ∼15!
4.2.2. GΦ distributions
The helicity flux density defined by the linkage, GΦ, av-
erages the values of Gθ at both footpoints of each flux
tube (Eq. (29)). For a potential field connection between the
two moving magnetic regions we have: Gθ(xa+) = −Gθ(xa−)
and Bn(xa+ ) = |Bn(xa− )|, which implies dhΦ/dt|a = 0 (Eq. (27))
and GΦ(xa+ ) = GΦ(xa− ) = 0 (Eq. (29)). There is no helicity flux
density as expected.
However when the magnetic polarities are linked by
a twisted flux tube, there is in general a non null flux density as
follows. For simplicity, suppose that the flux tube, which links
the magnetic regions, has a uniform twist T in its cross-section.
Let T ≥ 0 be fixed as the magnetic polarities separate (so there
is no twisting motions and no net injection of magnetic helicity)
and analyze the eﬀect of T on the distribution of GΦ. For T > 0,
Gθ(xa+ )  −Gθ(xa− ) and the diﬀerence increases from T = 0 to
T = 1/2 (for a half turn Gθ(xa+ ) = Gθ(xa− )). Thus GΦ depends
on the amount of twist in the volume. More precisely, taking
f+ = f− = 0.5 (so sharing the flux equally in each magnetic
polarity) GΦ is in the interval [0,Gθ] when T is in [0, 1/2]!
The twist T indeed creates an asymmetry between the ele-
mentary fluxes linking the polarities. Let us callA the field line
linking the centre of the polarities (axis of the torus). When T
is in [0, 1/2], part of the flux linkage lies below A while the
other part lies above A and at T = 1/2, this eﬀect is maxi-
mum. As the magnetic polarities separate, the elementary flux
tubes going above (resp. below) A get a magnetic helicity
flux which increases (resp. decreases) their positive helicity.
Although there is no net global flux of helicity, the footpoint
separation creates a reorganization in the helicity distribution
and thus the appearance of positive/negative helicity flux den-
sities. For T > 1/2, GΦ decreases and goes to zero for T = 1
since all the flux is now passing belowA. Finally, the distribu-
tion of GΦ is modified periodically with T with a period of 1.
This example illustrates that the remnant polarities in Gθ can
be artificial or real depending on the coronal linkage.
4.2.3. Effects of Bn distributions
We have assumed above a uniform field component Bn in the
magnetic regions. We investigate below how profile dependent
the above result is. The selected profiles are ordered from a
profile where the flux is mostly at the border of the magnetic
region to a profile where the flux is concentrated around the
centre of the region (keeping the same total magnetic flux):
B1(ρ) = 3ρ2R B0
B2(ρ) = B0
B3(ρ) = B0ln 2 (1 + (ρ/R)2)
B4(ρ) = 3B0(1 − ρ/R)
B5(ρ) = 1 − ρ/R(3 − 4 ln 2)(1 + ρ/R) , (41)
where ρ is the distance from the centre (ρ ≤ R). The ratio be-
tween (dHA/dt)+ and (dHθ/dt)+ shows that Gθ introduces, rel-
atively to GA, even less spurious helicity flux when the flux
is more concentrated (Fig. 5). Only when the magnetic flux
lies mostly at the border of the magnetic region (field B1 in
Eq. (41)) will the ratio be slightly less than in the case where Bn
is uniform. Since profiles of observed photospheric flux tubes
show Bn decreasing from the centre to the border, the case with
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Fig. 5. Top panel: diﬀerent profiles of Bn(ρ/R) as described by
Eq. (41). Bottom panel: ratio of (dHA/dt)+ (Eq. (39)) with (dHθ/dt)+
(Eq. (40)) for the diﬀerent Bn profile in function of the separation dis-
tance D normalized to the radius R of the magnetic regions. The ratio
is larger as the field is more concentrated to the centre of the magnetic
region.
a uniform Bn provides a good estimate of the strongest spurious
helicity flux given with Gθ.
4.2.4. Case of magnetic regions with like-sign
Finally, consider the same configuration as above except that
the two magnetic regions have the same Bn sign. The main dif-
ference is that the − sign in Eq. (36) is replaced by a + sign
(also Gθ changes sign in Eq. (37)). It implies that Eq. (38) is
replaced with a summation of two terms of like sign, so the ra-
tio |GA/Gθ| is always greater. Thus in the case of two magnetic
regions of same sign the use of Gθ, rather than GA, is even more
recommended.
4.3. One polarity rotating around another one
Another basic motion is the rotation of one magnetic region
around another one. For concreteness we consider that the mag-
netic region P− is rotating around the magnetic region P+, but
for the following helicity flux results the field sign can be re-
versed. Each magnetic region is circular with a radius R and
|Bn| = B0 uniform. The centres of the polarities, O+ and O−,
are separated by D = |O+O−|. We suppose that only P− has a
solid rotation around P+ with the angular velocity Ω = Ωeˆx;
the velocity field at the point M(x) is given by:
u = Ω × O+M for M ∈ P−. (42)
In this example there is a net total flux of helicity. The rigid
rotation of P− around P+ can be decomposed into a rigid ro-
tation of P− around its centre and a rotation of P− around P+
without internal rotation of P− (see Eq. (A.1)). Thus the helic-
ity injected has three contributions: ˙T− due to the rotation of P−
around itself (twisting), ˙W−+ due to the relative rotation of P−
around P+ (writhe) and ˙W+− due to the relative rotation of
P+ around P− (writhe). Since all these rotations have the same
rotation rateΩ, using Eq. (23) and assuming that the two polar-
ities are elementary fluxes (point-like with Φ− = Φ+ = πR2B0
a fixed value and D  R), the total flux of helicity injected is:
dH
dt =
˙W−+ + ˙W+− + ˙T−
=
Ω
2π
(
Φ−Φ+ + Φ+Φ− − Φ2−
)
=
π
2
ΩB20R
4. (43)
The non-null values of GA and Gθ are:
GA(x) = ΩB20
(
R2 − O−M · O+M
)
for M ∈ P− (44)
Gθ(x) =
ΩB20R
2
2
O−M · O−O+
|O−M|2 for M ∈ P+. (45)
GA vanishes in P+ because P+ is not moving. However it is
worth noting that Gθ vanishes in P−! At each point of P− the
twist helicity is exactly compensated by the writhe helicity. The
detail of the Gθ computation which leads to Eq. (45) is given
in Appendix A. Integration of both Eqs. (44) and (45) over P−
and P+ respectively gives the result of Eq. (43), showing that
this result applies also for any finite radius R.
Like when two polarities separate (Sect. 4.2), GA has both
positive and negative values on the rotating region, a result
which could lead to misinterpretation (Fig. 6). At the opposite
of the separating case, Gθ is positive in all of the motionless re-
gion (P+). The possible misinterpretation in that case is that the
helicity flux is concentrated in P+. Using GΦ (Eq. (28)) solves
this problem.
When D  R, Gθ ≈ ΩB20R2/2 is almost uniform in P+
which is just what is expected for a solid rotation. However GA
is growing with the separation, D, of the magnetic polarities.
For D  R, the ratio between GA in P− and Gθ in P+ is
approximately:
GA
Gθ
≈ 2 D
R
cosϕ, (46)
where cosϕ = O−M · O−O+/(RD) for M ∈ P−. Then the
fake polarities of GA grows linearly with the separation D
of the magnetic regions! The total helicity fluxes, computed
separately for positive and negative densities as in Eqs. (39)
and (40), have the same properties: (dHA/dt)+ and |(dHA/dt)−|
both grow linearly with D/R while (dHθ/dt)+ gives the right
input of helicity (Fig. 7).
Furthermore, the sum (dHA/dt)+ + (dHA/dt)− gives only
approximately the correct injected helicity; the error grows
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Fig. 6. Maps of GA (Eq. (13), top panel) and Gθ (Eq. (19), bottom
panel) in the case of one magnetic polarity (P−) having a solid rota-
tion around another one (P+) and injecting positive magnetic helicity
(motions are indicated with arrows). Bn is uniform in each magnetic
region. GA is strongly bipolar while Gθ has no negative value. The
shading convention is the same as in Fig. 1 (a color version is avail-
able in the electronic version at http://www.edpsciences.org).
Fig. 7. Total positive and negative helicity flux for GA and total pos-
itive flux for Gθ (no negative values) in the case of one magnetic re-
gion having a solid rotation around another one (Fig. 6). The abscissa
is the relative distance D/R as in Fig. 5. The fake flux, both positive
and negative, given by GA is of comparable magnitude to the real flux
(ΩB20R4 = 81).
with D/R. It shows that, not only the local density values,
but also the total helicity flux can be aﬀected by using GA.
Large positive and negative fluxes are cancelled in the total
flux; moreover the computation of A is aﬀected by the peri-
odicity of the fast Fourier transform (used to compute it). In
the present case the periodic boundary eﬀect is dominant and
we describe it below.
In order to accurately compute A using the fast Fourier
transform method, one must place the magnetogram in a larger
field of view that contains no magnetic field. In this paper, the
data box was a 512 × 512 mesh representing a region of 40 ×
40. To compute A we put this data box in the centre of a 4 ×
4 times larger box. Thus the fast fourier transform is here done
with 2048 × 2048 modes, a much larger number of modes than
what is usually used with observations. This large number re-
duces the eﬀect of the periodic boundary here (so that it is small
in Fig. 7). This eﬀect would become even more important with
real observations and when the polarities are well separated.
This is another important point in favor of Gθ since only GA is
aﬀected by this numerical problem.
4.4. Emergence of a twisted flux tube
4.4.1. Description of the model
Frequently new bipoles appear in magnetograms. The associ-
ated magnetic flux tube is expected to be twisted in the convec-
tive zone in order to be able to reach the photosphere without
being destroyed (Emonet & Moreno-Insertis 1998). There is
also evidence for the emergence of twisted flux tubes (Leka
et al. 1996).
We consider a simple model to simulate the main helicity
properties of this emergence. The magnetic field is confined
in a torus with a main axial radius Ra and a small radius R.
The longitudinal field strength inside the torus is uniform for
simplicity (similar results are obtained with a diﬀerent profile,
as in Fig. 5). The field is uniformly twisted, both across and
along the flux tube, with a number N > 0 of turns for half
the torus.
We simulate the emergence of half the torus with a con-
stant vertical velocity. The horizontal velocity of the footpoints
of field lines is given by Eq. (7), with no horizontal plasma ve-
locity. The helicity flux is thus given by Eq. (12). The height
of the axis apex above the “photosphere” (boundary) is used to
monitor the emergence. Its value is −R when the first amount of
field is about to cross the “photosphere”, 0, when the torus axis
is just tangent to the “photosphere”, R when the top of the torus
(its central cross section) has completely emerged and Ra when
the torus is half emerged. Normalizing the height with Ra, the
relative height Z runs from −R/Ra to 1.
4.4.2. General properties
As in the other examples, GA and Gθ have some negative helic-
ity flux densities while the rising of this twisted flux tube should
only inject positive helicity (Fig. 8). Since the magnetic field is
known in the volume, we know the connectivities and we can
compute GΦ (Fig. 8). GΦ has no negative polarities and it is
almost homogeneous over the flux tube section. The evolution
of the helicity flux during the emergence is summarized by the
total fluxes (Fig. 9). All total helicity injections are maximum
just before Z = R/Ra, i.e. just before the top of the flux tube
has completely emerged. The helicity injections are related to
the modification of the flux-tube cross section with Z, called
the Cassini surface, but cannot be expressed only as a function
of this surface (even with a uniform longitudinal field and twist
as considered here).
For cases with low N even Gθ maps have fake polarities but
they are at least a factor 10 lower than the fake polarities of GA.
For example, with a flux tube twisted by only one tenth of turn
(N = 0.1) the fake polarities of Gθ are of the same magnitude
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Fig. 8. Rows from top to bottom: maps of GA, Gθ, GΦ (Eqs. (13), (19) and (28) with f = 1/2) in the case of the emergence of a twisted flux
tube (as defined in Sect. 4.4). The helicity flux densities are presented at four diﬀerent times with the flux tube rising from left to right. The
number of turns in half the torus is N = 0.1, and the aspect ratio R/Ra = 0.2. The shading convention is the same as in Fig. 1 with a range which
depends on the panel (a color version is available in the electronic version at http://www.edpsciences.org). The continuous (dashed) lines
are positive (negative) isocontours of Bn, respectively.
than the real flux values given by the GΦ maps (see the scales
in the bottom of the maps of Fig. 8), while the fake polarities
of GA are completely masking the real helicity injection during
almost all the emergence (except when the torus is nearly half
emerged: Fig. 9).
4.4.3. Parametric study of the fake polarities
As in the case of a single polarity translating and rotating (see
Sect. 4.1 and Eq. (33)), the relative importance of the fake po-
larities depends of the amount on helicity injected (so on the
number of turns N) and on the aspect ratio R/Ra. We define
a proxy, called the Fake Relative Flux (FRFX), to quantify the
relative importance of the fake polarities due to the use of GX
(where X = A or θ):
FRFX =
∫ R/Ra
Z=−R/Ra
∣∣∣∣∣dHXdt
∣∣∣∣∣− dZ∫ R/Ra
Z=−R/Ra
∣∣∣∣∣dHΦdt
∣∣∣∣∣ dZ
· (47)
The integral range is selected to be for the emergence of the
top part of the flux tube, where the strongest fake polarities
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Fig. 9. Total positive and negative helicity flux for GA, Gθ, and GΦ
in the case of the emergence of a twisted flux tube with N = 0.1
(Fig. 8). The abscissa is the relative height, Z, of the central part of the
torus, above the “photosphere”. The curves start (on the le f t) when
the top of the torus crosses the “photosphere” (Z = −R/Ra = −0.2)
and end (right) when the torus is half emerged (Z = 1). The thin
vertical dotted lines correspond to the height when the top of the tube
(its central cross section) is half emerged (Z = 0) and completely
emerged (Z = R/Ra = 0.2).
Fig. 10. Dependence on R of the Fake Relative Fluxes, FRFA and
FRFθ (ratio between the fake and the real helicity flux for Z ∈
[−R/Ra,R/Ra], Eq. (47)). The curves show two values of the number
of turns N: 0.03 and 0.1.
are present, but the following conclusion is the same with an-
other choice. When FRFX > 1, the fake polarities become more
important than the true helicity flux and the maps of GX are
misleading, while when FRFX  1, the fake polarities do not
significantly alter the true helicity flux density. We computed
FRFA and FRFθ for diﬀerent values of N ranging from 0.005
to 5, and R going from 0.5 up to 5, keeping Ra constant equal
to 10. The results are summarized below.
Both FRFA and FRFθ are decreasing functions of R
(Fig. 10), but the variation is relatively small, in particular
with FRFθ which is only lightly influenced by R (less than a fac-
tor 3 of variation for one order of magnitude in R). FRFA is
slightly more dependent on R and its variation goes approxi-
mately as R−1. However, R (or the aspect ratio R/Ra) is not a
parameter as important as N (see next paragraphs), and thus,
for helicity injection maps coming from observations, the flux
measurements in the large flux tubes will only be slightly less
aﬀected by the fake polarities than smaller flux tubes.
Fig. 11. Dependence on the number of turns N of the Fake Relative
Fluxes (FRFA and FRFθ, Eq. (47)) for two values of the small radius R:
1 and 4 (the main radius is Ra = 10).
The main eﬀects of N are the following ones. For small
N, both FRFA and FRFθ are rapidly decreasing functions of N
(more rapidly than N−2), but for large N they are increasing
functions of N (Fig. 11). The minimum point is located at
a lower N for FRFθ than for FRFA (as well as for larger R).
The decrease for small N can be easily understood. The
total amount of helicity injected increases with N while the
separation velocity of the magnetic polarities, at the origin of
the fake polarities, does not change. It implies that the fake
polarities are more dominated by the real injected helicity at
larger N values. For example with R/Ra = 4/10 (Fig. 11), as
soon as N becomes bigger than 0.15, FRFA is lower than 1.
With lower radius, this transition happens for larger N. In the
case of FRFθ, whatever the radius is (in the range: R/Ra ∈
[0.05, 0.5]), when N > 0.04 (a low amount of twist), the fake
polarities of Gθ do not mask the true helicity flux density.
The above dependence on N is modified when N is high
enough so that it drastically changes the distribution of Bn
(Fig. 12). This occurs only at the top of the flux tube when Bn
is dominated by the azimuthal field. There, the two magnetic
polarities are separating in a direction almost orthogonal to the
torus axis (while they are separating nearly along the torus axis
for smaller N values, Fig. 12). The separation of the polarities
leads to fake polarities of both GA and Gθ as in previous ex-
amples. Since in the case of separating polarities the strength
of GA and Gθ depends on the magnetic vertical field and since
in the top of the flux tube Bn ∝ N, the importance of these fake
polarities will increase with N. However, even in the case of
these large values of N, the values of both FRFA and FRFθ
are still far below 1, implying a small influence of the fake
polarities.
We conclude this emergence study with the hope of apply-
ing it to observations in a further study. The most important
result is that, for the same evolving magnetic configuration,
FRFθ is always lower by a factor 10 than FRFA, and this can
be by more than a factor 103 (for example with R/Ra = 0.1 and
N = 1). This strongly indicates that it is always better to use
Gθ than GA in order to map the helicity flux density. Another
important point is that with Gθ the fake polarities become neg-
ligible for lower values of N than with GA (typically a factor
10 lower).
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Fig. 12. Maps of Gθ (Eq. (19)) in the case of an emerging twisted flux
tube for diﬀerent number of turns N of the field lines. From le f t to
right, Gθ is drawn respectively with N = 0.2, N = 1 and N = 6. The
maps are for Z = −3R/4Ra with R/Ra = 0.4. The arrows represent
the horizontal motions u of the footpoints of the field lines (Eq. (7)).
The shading convention is the same as in Fig. 1 with a range which
depend on the panel (a color version is available in the electronic ver-
sion at http://www.edpsciences.org). The continuous (dashed)
line represents one isocontour of Bn > 0 (Bn < 0), respectively.
5. Conclusion
Magnetic helicity is a basic MHD quantity. Important devel-
opments have been achieved in recent years in observing the
photospheric flux of magnetic helicity. It is also worthwhile
to derive maps of the magnetic flux density in order to follow
where the helicity is coming from (e.g. is it coming into the
corona mainly in emerging magnetic fields or is a significant
flux also present well after emergence?).
All previous analyses used the density GA (= − 2(A · u)Bn)
which involves the vector potential A of the magnetic field
(Chae 2001; Chae et al. 2001, 2004; Kusano et al. 2002,
2005; Nindos & Zhang 2002; Nindos et al. 2003; Moon et al.
2002a,b). In all the studied active regions, the density GA has
strong polarities of both sign with comparable magnitude. In
fact, we show above that a large part of these polarities are
likely to be fake polarities: they are due to the intrinsic prop-
erty of GA which is not a true helicity flux density. The sim-
plest case is when a magnetic region is moving bodily (so no
helicity is injected): GA has two strong polarities which can
easily mask a real input of helicity, for example, by twisting
motions (Sect. 4.1). Examples of these fake polarities associ-
ated with the global motion of a magnetic region can be found
in all the above published maps of GA; the clearest examples
are in Nindos et al. (2003). The fake polarities induced by GA
could represent significant, if not dominant, contributions to the
observed positive and negative flux of magnetic helicity, maybe
even masking the real helicity flux injection. The precision of
the much lower net flux of helicity can be aﬀected by this sub-
traction of close numbers (which, moreover, are aﬀected by the
periodicity used to compute A).
In this study, the main objective was to solve the above
problem by defining the flux of magnetic helicity per unit sur-
face. In a first step, we define a new density, Gθ (Eq. (19)),
by writing explicitly the vector potential A and rearranging
the double summations over the magnetogram (Sect. 3.2). For
an elementary magnetic region, Gθ sums up the rotation of
all the other magnetic regions taking into account their mag-
netic flux. Gθ vanishes for one magnetic region moving uni-
formly, so, in this case, it solves the problem of GA. However
Gθ can still have weaker fake polarities when several magnetic
regions are moving. For example when two magnetic regions
are separating or approaching each other, two polarities of Gθ
are present on each magnetic region (Sect. 4.2). They are usu-
ally weaker by more than one order of magnitude than those
obtained with GA (Sects. 4.2 and 4.4) or even absent in some
cases (e.g. Sect. 4.3). These results make Gθ much better suited
to follow the injection of helicity in ARs, i.e. to detect the real
flux density of magnetic helicity.
While Gθ will be of great practical use, it is still not the flux
density of magnetic helicity. Indeed to define it one needs more
information than the normal field component evolution (which
is suﬃcient to compute Gθ): we need the coronal connectivities
for all the elementary flux tubes. This information enables us
to define the helicity flux per elementary flux tube (Eq. (25)),
a quantity which can be rewritten as a flux of magnetic he-
licity per unit surface (GΦ, Eq. (28)). GΦ is a field-weighted
average of Gθ at both feet of the coronal connections, and it re-
moves the remnant fake polarities associated to Gθ (Sects. 4.2
and 4.4). However some mixed polarities of GΦ can be still
present, e.g. when a coronal twisted field is moved by horizon-
tal photospheric flows (Sect. 4.2.2). It is a clear warning that,
even when using GΦ, the presence of both signs in the helicity
flux density should be analyzed with care (e.g. it does not nec-
essarily mean cancellation of magnetic helicity due to magnetic
reconnection).
The present results are directly applicable to observations.
They are independent of the method used to get the photo-
spheric velocities. When local correlation tracking and/or the
induction equation are used, one can deduced only the total
flux density, but if plasma motions are available the flux den-
sity can be derived separately for the shear (horizontal motions)
and advection (emergence) terms. While GΦ provides the true
helicity flux density, its practical use is presently limited by
our ability to define the coronal linkage for all the magnetic
polarities. This situation will be well improved in a near future
with the high resolution and multi-wavelength observations of
Solar-B (Shimizu 2002), as well as the development of numer-
ical techniques to compute the coronal field from photospheric
data. So presently Gθ is of most use, but it will be replaced by
GΦ later on. This will bring another step in detecting weaker
input of helicity flux density (which when summed over an AR
and time can bring a significant amount of magnetic helicity).
It will also permit us to track the emergence of truly opposite
magnetic polarity to the dominant one in an AR, a case which
could be important for flaring (Kusano et al. 2004).
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Appendix A: Computation of Gθ for a polarity
rotating around another one
We complement in this appendix Sect. 4.3. The velocity field
at a point M (∈ P−) given by Eq. (42) can be decomposed in
two diﬀerent movements:
u = Ω × O+O− +Ω × O−M for M ∈ P−. (A.1)
The first term in the right hand part of the equation corresponds
to a rigid rotation of P− around P+ and the second term to the
rigid rotation of P− around its centre.
A.1. Computation of Gθ in P−
The rotation rate between M and another point M′ also belong-
ing to P− is then simply deduced from Eq. (17):
dθ(M′M)
dt =
(M′M × (Ω × O−M −Ω × O−M′))n
|MM′|2
= Ω for (M,M′) ∈ (P−)2. (A.2)
This simply corresponds to the rigid rotation of P− around it-
self – the twist.
The writhe is given when M′ belongs to P+; the rotation
rate is then a bit more complex:
dθ(M′M)
dt = Ω
M′M · O+M
|MM′|2 (A.3)
with M ∈ P− and M′ ∈ P+.
Thus, using Eqs. (A.2), (A.4) in Eq. (19), Gθ(x) in P− is
equal to:
Gθ(x) =
ΩB20
2π
(∫
M′∈P+
O+M · M′M
|MM′|2 dS
′
∫
M′∈P−
dS′
)
for M ∈ P−. (A.4)
The first term in the right hand part of Eq. (A.4) can be com-
puted by analogy to the 2D electric field created by a uniform
distribution of charge:∫
M′∈P+
M′M
|MM′ |2 dS
′ = πR2
O+M
|O+M|2 , (A.5)
and so,
Gθ(x) = 0 forM ∈ P−. (A.6)
Thus there is no injection of helicity in the moving polarity.
The injection of negative helicity due to the twist is exactly
compensated by the positive writhe helicity due to the relative
motion of P+ around P−.
A.2. Computation of Gθ in P+
In the case where M is in the polarity P+, which is not moving,
the rotation rate is only non-null for the points M′ located in
the opposite polarity P−, and can be expressed as:
dθ(M′M)
dt = Ω
(
1 + MM
′ · O+M
|MM′|2
)
with M ∈ P+ and M′ ∈ P−. (A.7)
where a constant rotation appears. One then obtains for Gθ:
Gθ(x) =
ΩB20
2π
(
O+M ·
∫
M′∈P−
MM′
|MM′|2 dS
′
+
∫
M′∈P−
dS′
)
for M ∈ P+. (A.8)
The first term of the right hand part of this equation can be
computed similarly as in Eq. (A.5):
Gθ(x) =
ΩR2B20
2
(
1 + O+M · MO−|O−M|2
)
=
ΩR2B20
2
O−M · O−O+
|O−M|2 for M ∈ P+, (A.9)
which demonstrates Eq. (45). Since one also has:∫
M∈P+
O−M
|O−M|2 dS
′ = πR2
O−O+
|O−O + |2 , (A.10)
it is possible to compute the total helicity flux injection:
dH
dt =
πΩB20R
4
2
, (A.11)
a result identical, but more general, than the point-like result of
Eq. (43).
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ABSTRACT
Context. Magnetic helicity is suspected to play a key role in solar phenomena such as flares and coronal mass ejections. Several
investigations have recently computed the photospheric flux of magnetic helicity in active regions. The derived spatial maps of the
helicity flux density, called GA, have an intrinsic mixed-sign patchy distribution.
Aims. Pariat et al. (2005) recently showed that GA is only a proxy of the helicity flux density, which tends to create spurious polarities.
They proposed a better proxy, Gθ. We investigate here the implications of this new approach on observed active regions.
Methods. The magnetic data are from MDI/SoHO instrument and the photospheric velocities are computed by local correlation
tracking. Maps and temporal evolution of GA and Gθ are compared using the same data set for 5 active regions.
Results. Unlike the usual GA maps, most of our Gθ maps show almost unipolar spatial structures because the nondominant helicity
flux densities are significantly suppressed. In a few cases, the Gθ maps still contain spurious bipolar signals. With further modelling
we infer that the real helicity flux density is again unipolar. On time-scales larger than their transient temporal variations, the time
evolution of the total helicity fluxes derived from GA and Gθ show small diﬀerences. However, unlike GA, with Gθ the time evolution
of the total flux is determined primarily by the predominant-signed flux while the nondominant-signed flux is roughly stable and
probably mostly due to noise.
Conclusions. Our results strongly support the conclusion that the spatial distribution of helicity injected into active regions is much
more coherent than previously thought: on the active region scale the sign of the injected helicity is predominantly uniform. These
results have implications for the generation of the magnetic field (dynamo) and for the physics of both flares and coronal mass
ejections.
Key words. Sun: magnetic fields – Sun: photosphere – Sun: Corona
1. Introduction
Magnetic helicity quantifies how the magnetic field is sheared
and/or twisted compared to its lowest energy state, the poten-
tial field. Observations of the solar atmosphere show the exis-
tence of several sheared, even helical magnetic structures. Such
structures are often associated with flares, eruptive filaments and
coronal mass ejections (CMEs). Magnetic helicity thus appears
as a key element in a large number of coronal phenomena and
the computation of magnetic helicity is a very important task in
solar physics. Therefore, it is not surprising that recently sig-
nificant new developments have been made in the subject (see
reviews in Brown et al. 1999; Berger 2003).
For a divergence-free field B within a bounded volume V
of surface S where the normal component Bn = B · nˆ does not
entirely vanish on S (i.e. like the situation in the solar corona),
Berger & Field (1984) have defined a relative magnetic helic-
ity, H. H is defined by subtracting the helicity of a reference
field having the same normal component Bn on S as B. Using a
 The color version of Figs. 1–3, 5 are only available in electronic
form at http://www.edpsciences.org
potential field, Bp, is a convenient choice for a reference field.
An expression for H, valid for any gauge has been given by Finn
& Antonsen (1985).
The direct computation of the helicity in the corona requires
knowledge of the magnetic field in the entire volume, but mea-
surements are mainly realized at the photospheric level; thus one
of the best ways to estimate magnetic helicity is by integrating
in time the helicity flux injected through the photosphere
1.1. Helicity flux
Using the gauge ∇ · Ap = 0, and selecting the boundary condi-
tion Ap · nˆ = 0 for the vector potential of the potential (reference)
field, Berger & Field (1984), derived the flux of magnetic helic-
ity through the surface, in particular the solar photosphere:
dH
dt = 2
∫
S
[(Ap · B)vn − (Ap · u)Bn] dS (1)
where u is the plasma velocity. The first term corresponds to the
injection of magnetic helicity by advection (emergence) whereas
the second term is the flux of helicity due to motions parallel
to S.
Article published by EDP Sciences and available at http://www.edpsciences.org/aa or http://dx.doi.org/10.1051/0004-6361:20054643
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In order to estimate dH/dt from observations one should
determine the velocity field u and the magnetic field B on the
photosphere. Presently, the horizontal velocity field is derived by
applying the local correlation tracking (LCT) method to follow
explicitly the magnetic fluxes, using a time sequence of longi-
tudinal magnetograms. Since only horizontal velocities are de-
duced from the temporal evolution of Bn, it has been believed
that only the shear term could be derived (e.g. Chae et al. 2001;
Nindos & Zhang 2002; Moon et al. 2002b). However, when us-
ing the LCT method one estimates the flux tube velocity u par-
allel to S, and not the plasma velocity, u: the velocity derived
from the LCT method can be expressed as (Démoulin & Berger
2003):
u = ut − vnBn Bt, (2)
and thus Eq. (1) becomes:
dHA
dt = −2
∫
S
(Ap · u)Bn dS, (3)
where the subscript A indicates that the flux is computed using
the vector potential Ap. As has been mentioned by Chae et al.
(2004), we note that for a finite vnBt, Eq. (2) gives increasingly
large velocity u (like 1/Bn) as one gets closer to the inversion
line. This large apparent velocity of the photospheric footpoints
is present at the tip of an emerging flux tube, and it can largely
be underestimated by the LCT algorithm. Thus a complementary
method of measuring vn and Bt in the vicinity of inversion lines
is required. However, it is the finite product uBn which enters
into the helicity flux (Eq. (3)) so the singularities of u introduce
a problem only in its measurement in the vicinity of the inversion
line. In the ARs we have analyzed in this paper, there is no case
where tendency of having large velocity u around Bn = 0 is
present.
1.2. Helicity flux densities
It appears natural to define a helicity flux density, GA, as the
integrand of Eq. (3):
GA(x) = −2(Ap · u)Bn. (4)
GA has been used in several studies to determine the spatial in-
jection patterns of magnetic helicity in active regions (e.g. Chae
2001; Chae et al. 2001, 2004; Kusano et al. 2002, 2004a,b;
Maeshiro et al. 2005; Moon et al. 2002a,b, 2003a,b; Nindos
& Zhang 2002; Nindos et al. 2003; Yamamoto et al. 2005;
Yokoyama et al. 2003). In all these diﬀerent works, GA maps
always appear extremely complex both in space and time, with
polarities of both signs present at any time.
However, in a recent work (Pariat et al. 2005) we showed
that GA is not a real helicity flux density and that its properties
introduce artificial polarities of both signs. If GA produces spuri-
ous signals, it is mostly due to the fact that helicity flux densities
per unit surface are not physical quantities. Due to the properties
of helicity, only helicity flux density per unit of elementary mag-
netic flux has a physical meaning (see the definition of dhΦ/dt in
Sect. 5). But to estimate such quantity using real observations, it
is necessary to isolate flux tubes and determine their connectiv-
ity, which is actually not possible. Thus any definition of a helic-
ity flux density will only be a proxy of the helicity flux density
per unit magnetic flux – referred to as real helicity flux density in
the following. But some definitions may have properties which
do not permit us to estimate the injection patterns of magnetic
helicity correctly.
In Pariat et al. (2005), we presented a new estimate of he-
licity flux density, Gθ, that does not suﬀer from the same prob-
lems as GA. The helicity flux can be understood as the quantity
which measures how each magnetic polarity moves relatively to
the others. It is possible to write the helicity flux as a double in-
tegral over the surface which involves the relative rotation rate,
dθ(r)/dt, of pairs of photospheric positions defined by x and x′,
with r = x − x′. For a planar surface one obtains:
dHθ
dt = −
1
2π
∫
S
∫
S′
dθ(r)
dt BnB
′
n dS dS′, (5)
where the subscript θ indicates that the flux is computed using
the relative rotation rate. Then Gθ is simply defined by:
Gθ(x) = −Bn2π
∫
S′
dθ(r)
dt B
′
n dS′. (6)
We compared the properties of GA and Gθ, applying them to sev-
eral theoretical models: translational motions of a single polar-
ity, separation and rotation of two polarities, and emergence of
a twisted flux tubes (Pariat et al. 2005). In all cases, we showed
that GA almost always produces spurious signals that confuse
the interpretation of the injection of helicity. Gθ produces also
fake signals for some configurations. For example, let us con-
sider an arcade formed of a single flux tube. Suppose that the
footpoints rotate in opposite directions so that the tube rotates
as a whole but does not increase its twist. Thus even if no he-
licity should be injected, Gθ polarities of opposite sign appear at
each footpoint. The use of the helicity flux density per unit of
elementary magnetic flux permits us to avoid these fake signals.
However, generaly parasitic helicity flux density polarities are
much fainter with Gθ than with GA. In the case of the emergence
of a twisted flux tube, we estimated that these spurious polarities
mask the real injected helicity flux when the number of turns of
the twisted flux tube is lower than a few tenths of a turn (the flux
tube being represented by half a torus). With Gθ the threshold in
the number of turns is ten times lower than with GA.
1.3. Aims of this paper
From our previous theoretical analysis we concluded that Gθ is
much better suited for determining the patterns of helicity injec-
tion. But is it true with real observations? In observations of GA,
are the patchy structures of positive and negative sign fake po-
larities induced by GA or are they real signals? Even if our the-
oretical analysis argues that Gθ is better, parameters such as the
size of the magnetic polarities, the helicity they carry, the ve-
locity of the photospheric motions involved in complex active
regions, may be such that GA could account for the real injection
of magnetic helicity. If not, one would observe diﬀerent patterns
between Gθ and GA maps. In such a case the obvious questions
are: (1) can we understand the injection of helicity directly from
Gθ maps? (2) does Gθ also produce fake polarities that mask the
real injection pattern?
In order to address these questions, in this paper we compare
GA and Gθ maps of the active regions (ARs) previously stud-
ied by Nindos et al. (2003). The data are described in Sect. 2.
Section 3 presents the diﬀerences in the helicity density maps
leading to a completely new view of the structure of the helicity
injection in ARs. In Sect. 4 we compare the total helicity fluxes
derived from the two diﬀerent definitions of helicity flux density.
Then we give examples of the limitations of Gθ (Sect. 5). Finally
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Table 1. Total helicity fluxes, dHA/dt (Eq. (3)) and dHθ/dt (Eq. (5)) and minimum and maximum values of the helicity flux densities GA and Gθ.
Fluxes are in units of 1021 Wb2 s−1 and densities in units of 106 Wb2 m−2 s−1.
NOAA Date & Total flux GA Gθ
AR Time (UT) dHA/dt dHθ/dt min max min max
8210 98/05/02 09:20 15 14 –69 74 –11 42
98/05/03 21:55 8.9 13 –134 125 –16 49
8375 98/11/04 06:25 4.4 4.6 –33 52 –10 23
98/11/05 07:35 7.2 6.5 –35 64 –17 22
9114 00/08/08 03:35 –2.9 –2.4 –26 27 –7.1 5.6
00/08/09 14:20 –4.2 –4.3 –27 18 –16 5.5
9182 00/10/10 21:40 3.8 4.8 –21 38 –5.2 18
00/10/11 21:40 1.1 0.9 –20 22 –9.0 13
9201 00/10/22 12:05 0.15 0.12 –8.1 9.1 –3.1 4.2
00/10/25 09:30 –0.63 -0.68 –8.8 3.5 –1.8 0.8
in Sect. 6 we present conclusions about the main implications of
the re-interpretation of helicity injection pattern for the subpho-
tospheric physics and coronal activity.
2. Data and methods
2.1. Magnetic data
We studied five active regions, namely AR 8210, AR 8375,
AR 9114, AR 9182 and AR 9201. The details about these active
regions, in particular the time evolution of their magnetic and
velocity field as well as their eruptivity are presented in Nindos
et al. (2003). In summary, all of them were associated with sev-
eral major flares and CMEs. AR 8210, AR 8375 and AR 9114
were formed of one large concentrated magnetic polarity with
the opposite polarity being much more dispersed. AR 9182 ap-
peared as a bipolar active region and presented significant flux
emergence near the leading spot. AR 9201 was a decaying active
region, with both polarities decaying similarly. We used 1-min
cadence and 96-min cadence MDI data. The 1-min cadence data
were available at the time intervals indicated in Table 1 in Nindos
et al. (2003). These data consist of both high-resolution images
(pixel size of 0.6′′) and full-disk images (pixel size of 2′′). Since
MDI magnetograms suﬀer from instrumental eﬀects (Berger &
Lites 2003; Nindos & Zhang 2002), we corrected all MDI fluxes
as detailed in Nindos et al. (2003). Since we do not want to
include solar rotation in the computations of helicity injection
(which is in any case negligible, see Démoulin et al. 2002), we
removed solar diﬀerential rotation, taking as reference time the
time when the active region passes through the central meridian.
2.2. Derivation of GA
In order to compute GA (Eq. (4)), three quantities must be de-
rived from observations. First one needs to know Bn. The MDI
data provide only the longitudinal (along the line of sight) com-
ponent of the magnetic field and we assume that the photospheric
magnetic field is vertical. The vertical field component is then di-
rectly equal to the longitudinal field divided by the cosine of the
heliocentric angle of the active region. The estimation of the er-
rors induced by this approximation is presented in Nindos et al.
(2003).
Then the vector potential of the potential field, Ap, needs to
be computed. Ap is derived from Bn, following Chae (2001). In
order to avoid boundary eﬀects when using the fast Fourier trans-
form, each original magnetogram has been placed at the center
of a map which is 2−3 times bigger, and 2048 × 2048 modes
were used.
The last quantity which is required to compute GA is u, the
velocity of the footpoints of the flux tubes. u can be directly
estimated by applying the LCT method to the longitudinal mag-
netograms. The errors and limitations induced by the LCT are
discussed in Démoulin & Berger (2003) and in Sect. 6 of Nindos
et al. (2003). Here the LCT parameters used were ω = 7.5′′ for
the apodizing window function and ∆T = 15−20 min for the
time interval between a pair of images. Since LCT faces diﬃcul-
ties in regions such as sunspot umbrae, where the spatial varia-
tions of the field are small, we used white-light images and not
the magnetograms to determine the velocity fields in the umbrae
and penumbrae of sunspots.
2.3. Derivation of Gθ
To compute Gθ, we only need to know Bn and u. Since the vector
potential is not required here, Gθ is not aﬀected by the errors
induced by the discrete fourier transform when computing Ap.
It is also not necessary to insert the data in a larger map. Gθ
can be directly computed from the original data. Since Eq. (6)
involves a double integral over the field of view, computing Gθ
may be more CPU-time-consuming than computing GA. This is
why, when studying the evolution of the helicity flux in Sect. 4,
we did not consider all magnetogram pixels to compute dHθ/dt.
We only computed it at the pixels where the absolute value of
the longitudinal field was higher than 20 Gauss. This allowed us
to reduce significantly the computation time with only marginal
influence on the computed values of dHθ/dt. Indeed for several
cases, we checked that the diﬀerences between our results and
the derived values when no threshold was used was less than a
few percent.
At present no study has yet been done to estimate the in-
fluence of noise and systematic errors due to the LCT methods
on Gθ. The LCT method limitations adduced by Démoulin &
Berger (2003) should nevertheless influence any Gθ estimation.
Even if this is an important issue and the subject of a future work,
one should note that it is not important in our present study: our
aim is here to compare Gθ and GA using the very same dataset.
3. Helicity flux density maps
Almost all GA maps presented in recent helicity studies show
complex patterns with mixed polarities (Sect. 1.2). Kusano et al.
(2002) concluded that in active regions positive and negative he-
licity is simultaneously injected, even in unipolar magnetic re-
gions. However we claim here that this is mostly due to fake
signals induced by GA which almost always mask the real injec-
tion of helicity. A more trustworthy helicity density, Gθ, indeed
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Fig. 1. AR 8210 at 09:20 UT on May 2, 1998.
Left panel: Bn magnetograms with velocity
field (arrows). Center panel: GA maps. Right
panel: Gθ maps. GA and Gθ maps are in units
of 106 Wb2 m−2 s−1 and have ±300 G isocon-
tours of Bn. Note that the scale is not the same
for the GA and the Gθ maps. (A color version
with an additional example is available in the
electronic version.)
Fig. 2. Same as Fig. 1 but for AR 8375 at
7:35 UT on November 5, 1998. (A color ver-
sion with an additional example is available in
the electronic version.)
shows that the helicity injection patterns are rather uniform in
sign. We will demonstrate that through several examples.
3.1. Comparison for AR 8210
AR 8210 has been the subject of several studies (see e.g. Welsch
et al. 2004, and references therein) and produced several ma-
jor flares and CMEs. It presents a δ-configuration with a main
negative-polarity spot (Fig. 1, right panel). This negative spot
shows clockwise flow whereas anticlockwise motions dominate
the positive polarities. Figure 1 presents Gθ and GA maps of
AR 8210 on May 2, 1998, at 9:20 UT. The GA map is dominated
by two polarities of opposite sign in the center of the negative
magnetic spot. The surrounding positive magnetic polarities are
associated with mostly positive injection of helicity. The maxi-
mum and minimum values reached by GA and Gθ are presented
in Table 1. The maximum absolute flux density is reached in the
negative spot. Note that on May 3, the negative values of GA
reach the strongest absolute values even if the total helicity flux
is positive.
The Gθ map presents a completely diﬀerent pattern than the
GA map. The negative magnetic polarity here is almost entirely
dominated by positive helicity flux density. There are no more
strong negative helicity densities. The maximum value of the
helicity flux density is thus much smaller in Gθ than in GA. It is
1.7 times lower on May 2 and 2.6 times lower on May 3. The
ratio min(GA)/min(Gθ) is even more important. It is about 6.1
on May 2 and reaches 7.9 on May 3. Negative polarities become
very faint in the Gθ map and thus the map is much more homoge-
nous than the GA map.
The remnant negative helicity polarities could be real local-
ized injection of negative helicity but could still be spurious sig-
nals, this time due to Gθ. With our present data it is not possible
to distinguish between these two possibilities; however with a
closer analysis sometimes we may obtain some clues as we will
show in Sect. 5. Whatever, these Gθ negative polarities have in-
tensities lower than 1/5 of those in GA.
The surrounding magnetic polarities present fewer diﬀer-
ences between GA and Gθ maps than the main polarity. Some
regions have their helicity injection patterns unchanged, such as
the bipole in the upper-right corner (noted a in Fig. 1). Other re-
gions present opposite signs of helicity in GA and Gθ maps, for
example the positive magnetic polarities which are north of the
main magnetic polarity (noted b). Some others regions, like the
positive magnetic polarities below the main negative magnetic
region (noted c), present the same characteristics as the main
magnetic polarity: two opposite-sign polarity in GA and uniform
positive injection in Gθ. This complicates the interpretation: it is
diﬃcult to discriminate whether there is real injection or whether
spurious signals are involved, both with GA and Gθ. The intensi-
ties are nevertheless lower with Gθ than with GA in these areas,
as in the main magnetic polarity.
3.2. Other examples
Similar patterns also appear in the other active regions. As an ex-
ample in Fig. 2 we present for AR 8375 Bn magnetograms, GA
and Gθ maps on November 5, 1998. Here the main positive mag-
netic polarity has a translational motion toward the solar west.
The surrounding negative polarities show a divergent motion
from the main spot. As in AR 8210, the main magnetic positive
spot presents two polarities of GA with opposite signs whereas
the Gθ maps show a more uniform pattern, primarily with posi-
tive helicity flux. Here also Gθ mainly reduces the nondominant
flux densities (see minimum and maximum values of GA and Gθ
in Table 1).
Figure 3 presents maps of the two helicity flux densities for
AR 9114. Here again, GA maps present strong polarities of both
signs while Gθ maps mostly present injection of negative helic-
ity. For almost all the helicity flux density maps that we analysed
– all are presented in Nindos et al. (2003) – Gθ maps appear
much more uniform than GA maps. There are a few exceptions
where strong polarities still remain in the Gθ map. But even for
these few cases, the bipolar patterns are not located at the same
place and have lower intensities than in GA maps. We will anal-
yse in more detail such an example in Sect. 5.
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Fig. 3. GA (up) and Gθ (down) maps of AR 9114, as
in Fig. 1. (A color version is available in the elec-
tronic version.)
4. Comparison of GA and Gθ flux
4.1. Total fluxes
Even if GA and Gθ do not have the same spatial properties, in
theory the helicity flux integrated using GA, dHA/dt (Eq. (3)),
and using Gθ, dHθ/dt (Eq. (5)) should be strictly equal, because
both definitions are derived from Eq. (1).
However, when computing dHA/dt and dHθ/dt, some dif-
ferences appear. For the 24 GA maps of the 5 ARs that were
presented by Nindos et al. (2003), we found a mean of 0.95
for the ratio between dHA/dt and dHθ/dt derived using Gθ. The
mean absolute deviation of this ratio is equal to 0.25. There is
no systematic prevalence of one of these terms over the other
and also no dependence on the sign of the helicity flux has been
found. Concerning the data used in Fig. 4, we found that for the
1755 temporal values we considered, the mean ratio of dHA/dt to
dHθ/dt was around 0.94 with mean absolute deviation of 0.26.
If we consider the active regions separately we found that for
AR 8210 the relative errors between dHA/dt and dHθ/dt were
of the order of a few per cent, while it was around 15% for
AR 9114. Nevertheless we note that since there is no signif-
icant predominance of one of these two terms over the other,
when we time-average the total flux evolution, the diﬀerence be-
tween dHA/dt and dHθ/dt becomes very small. For example in
AR 8210 the mean absolute deviation of the ratio dHA/dt over
dHθ/dt is 0.19 if one smooths the original data with 2 points
and 0.10 if one uses 4 points.
A possible explanation for this discrepancy between these
two active regions has to do with their mean helicity fluxes.
AR 8210 has a mean absolute helicity flux several times larger
than AR 9114 (see Fig. 4) although the magnetic flux of
AR 8210 is lower than that of AR 9114 (1.6 × 1014 and 3.1 ×
1014 Wb respectively). The diﬀerences between dHA/dt and
dHθ/dt tend to be smaller when the helicity flux involved is
larger. This is probably the eﬀect of noise in the data for the
small flux values. Roughly, the diﬀerences tend to become im-
portant when the helicity flux is lower than 1021 Wb2 s−1. But
these diﬀerences may also come from the larger errors in dHA/dt
measurement due to the intense fake signals that GA produces.
4.2. Signed fluxes
Let us define the signed flux (dHA/dt)+ (resp. (dHA/dt)−) as the
positive (resp. negative) flux of injected helicity, i.e. the sum
of GA over the area where GA is >0 (resp. <0). Let us define
(dHθ/dt)+ and (dHθ/dt)− similarly but using Gθ instead of GA to
integrate the flux.
The signed fluxes |(dHA/dt)±| are always larger than
|(dHθ/dt)±|, especially the flux whose sign is opposite to the to-
tal injected flux (see Fig. 4). For AR 8210 whose helicity flux is
generally positive, (dHA/dt)+ is in average 1.7 times larger than
(dHθ/dt)+ and |(dHA/dt)−| is 3.0 times larger than |(dHθ/dt)−|.
The negative flux is strongly reduced when using Gθ. In AR 9114
Fig. 4. Plots of (dHA/dt)±, (dHθ/dt)± and dHθ/dt as a function of time
for AR 8210 (up) and AR 9114 (down). The curves have been smoothed
on a time interval of 100 min. We do not present the dHA/dt curve
because its diﬀerences with respect to the dHθ/dt curve are too small to
be clearly seen.
it is still the nondominant flux – the positive flux here – which
becomes small when using Gθ. Here (dHA/dt)+ is on average
2.5 times larger than (dHθ/dt)+ and the mean ratio of |(dHA/dt)−|
over |(dHθ/dt)−| is equal to 1.4. In AR 9114 the ratios are smaller
than in AR 8210 but this should be due to the fact that the total
helicity flux is smaller in AR 9114 and so the noise in Gθ and
the fake polarities induced by Gθ have a stronger influence.
With GA, part of the strong fluxes of positive and negative
helicity cancel out when summing over the whole surface, re-
sulting in small total helicity fluxes. But it is not recommended
to add quantities of opposite sign whose intensities are much
larger than the intensity of the final result. The systematic er-
rors tend to be added, resulting in a larger inaccuracy of the final
result. Thus using Gθ should yield more accurate results when
computing the total flux.
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4.3. Time evolution of fluxes
Another important feature with Gθ is that the study of the tem-
poral evolution of helicity flux injection becomes much simpler.
Figure 3 presents GA and Gθ maps at four diﬀerent times. It is
directly possible to follow qualitatively the evolution of the total
helicity flux by visual inspection of the Gθ maps; for example
in this case there is an increase of negative helicity and then a
decrease. This evolution is not that apparent in the GA maps.
The fluctuations of the total and signed fluxes are also
strongly reduced with Gθ compared to those with GA. For ex-
ample, in AR 9114, (dHA/dt)+, (dHA/dt)− and dHA/dt present
standard deviations of 3.5, 7.3, and 8.9 × 1021 Wb2 s−1 respec-
tively, while the standard deviations of (dHθ/dt)+, (dHθ/dt)−,
and dHθ/dt are 0.8, 1.6, and 2.4 × 1021 Wb2 s−1 respectively.
We also remark that with Gθ, the nondominant flux is
relatively constant (Fig. 4). For example in AR 8210 the
mean and the standard deviation of (dHθ/dt)− are respectively
−6.5 × 1021 Wb2 s−1 and 2.0 × 1021 Wb2 s−1 compared to
19.2 × 1021 Wb2 s−1 and 6.5 × 1021 Wb2 s−1 for (dHθ/dt)+. This
quasi-constant flux strongly questions the real origin of the non-
dominant signals. Possible reasons for the remnant nondomi-
nant helicity flux in Gθ maps could be the noise in the data and
also the residual fake polarities that Gθ creates (see Sect. 5).
Thus the intensity of these nondominant fluxes gives an idea
of the accuracy on the total flux estimation: 〈|(dHθ/dt)−|〉 =
6.5 × 1021 Wb2 s−1 in AR 8210 and 〈(dHθ/dt)+〉 = 2.1 ×
1021 Wb2 s−1 in AR 9114. These values are consistent with the
fluctuations of the total helicity flux in non-flaring AR which
was estimated to be about 3.2 × 1021 Wb2 s−1 by Hartkorn &
Wang (2004) while the method is diﬀerent.
Instead of the total net flux dHA/dt, Maeshiro et al. (2005)
have used the absolute flux (also called total unsigned flux), de-
fined as the diﬀerence between the positive flux and the nega-
tive flux. They correlated the absolute helicity flux with X-ray
activity. Nevertheless, most of the signals in GA are in fact spu-
rious signals and are not linked to real helicity injection. Since
GA produces stronger spurious signal when significant transla-
tory motions are involved, the absolute helicity flux is a rather
complex tracer of the photospheric field dynamics.
5. Towards better helicity density maps
5.1. Gθ fake polarities
In the previous examples, the Gθ fake polarities had small in-
tensity compared to the main real helicity flux. However there
are still some cases where the fake polarities of Gθ may remain
dominant and corrupt the interpretation of the patterns of helicity
flux. Figure 5 shows such an example.
Before October 9, 2000, AR 9182 consisted of a positive
compact leading sunspot and a more extended trailing negative
spot. From October 9, magnetic flux emergence occurs west of
the active region, in the form of two separating oppositely-signed
magnetic polarities (the evolution of this active region is pre-
sented in Fig. 7 of Nindos et al. 2003). The original leading
sunspot is the positive magnetic polarity noted as P1 in Fig. 5
whereas the magnetic polarities of the emerging flux are indi-
cated as N2 and P2. Since the AR was not close to disk center
(N02 E46 on October 11), some longitudinal field reversal due
to projection eﬀects appear west of P2. We will not take that area
into consideration.
The GA map (top left in Fig. 5) presents its usual complex
patterns with several helicity flux polarities of both signs. In
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Fig. 5. Left row: AR 9182 on October 11, 2000 at 21:40 UT: GA
map (top panel), Gθ map (middle panel) and Bn magnetogram (bot-
tom panel). The Bn isocontours on the observations maps are for Bn =
±300 G. Right row: model maps of helicity flux densities; GA (top
panel), Gθ (middle panel) and GΦ (bottom panel). (A color version is
available in the electronic version.)
the Gθ map most of these patchy patterns have disappeared.
However both positive and negative fluxes are very strong com-
pared to the total flux and Gθ presents fluxes as strong as GA,
but their spatial distribution is diﬀerent. Using the Gθ map, one
would conclude that there is simultaneous injection of helicity
of both signs in the emerging flux (N2P2). But is this true?
5.2. Defining a better flux density
In Pariat et al. (2005), we found that only the helicity flux den-
sity per elementary flux tube (or per unit magnetic flux) could be
defined. Let dhΦ/dt|e denote the helicity injected in the elemen-
tary flux tube e through its footpoints on the photosphere. Only
this helicity flux per unit magnetic flux has a physical meaning.
Nevertheless, it is possible to represent this quantity as a he-
licity flux density per unit surface by distributing it between the
footpoints of the elementary flux tube (whose positions are de-
noted as xe− and xe+). Each proxy for the helicity flux density
is only a way of distributing dhΦ/dt|e, following some particu-
lar “rules”. For example dhΦ/dt|e can be related to GA with the
relation:
dhΦ
dt
∣∣∣∣∣
e
=
1
2
(
GA(xe+ )
|Bn(xe+)|
+
GA(xe−)
|Bn(xe− )|
)
(7)
− 1
2π
∫
S′
u′ ×
(
x′ − xe+
(x′ − xe+)2
− x
′ − xe−
(x′ − xe−)2
)
B′n dS′.
This equation is quite complex since GA fails to measure the net
rotation of the dipole (xe+xe− ) over the photospheric field. With
Gθ the link is much more direct :
dhΦ
dt
∣∣∣∣∣
e
=
Gθ(xe+ )
|Bn(xe+ )|
+
Gθ(xe−)
|Bn(xe− )|
· (8)
dhΦ/dt|e is simply a field-weighted average of Gθ at both foot-
points, and thus can be estimated using Gθ (provided that the
field line connectivity is known).
If we suppose that the emerging polarity (N2 P2) in AR 9182
are still completely magnetically connected and that they form
a single flux tube then the real helicity flux injected in this flux
tube will be the sum of the helicity injected through N2 and P2.
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But since they have opposite values of Gθ with similar absolute
intensities, the sign of dhΦ/dt cannot be directly deduced. Even
if intense signals of Gθ are present, the real injected helicity is
much weaker. This is why here Gθ fails to give an accurate pic-
ture of the real patterns of injected helicity. For this particular
case, the properties of Gθ distribute the helicity per unit magnetic
flux over the footpoints in such a way that large fake polarities
appear.
The best surface helicity flux density proxies of dhΦ/dt, can
be obtained by sharing dhΦ/dt equally between the two foot-
points of each field line. One can use GΦ, defined as (derived
from Eq. (29) of Pariat et al. 2005, with f = 1/2):
GΦ(xe± ) =
1
2
(
Gθ(xe± ) +Gθ(xe∓)
∣∣∣∣∣∣Bn(xe± )Bn(xe∓ )
∣∣∣∣∣∣
)
· (9)
5.3. Helicity flux densities with a model
In the ARs that we have analyzed it was not possible to deter-
mine the field line linkage. But in order to have an idea of what
GΦ would give for AR 9182, we can model this active region
with two flux tubes having a torus shape with the same small
radius and field strength. The distribution of the field perpendic-
ular to the torus axis is assumed to be constant. The photospheric
feet of the first flux tube corresponds to the original pre-existing
polarity. The second half torus flux tube models the emerging
magnetic flux (N2 P2). The model flux tubes are not twisted.
We implemented four kinds of motion for these polarities to
describe the main velocity pattern observed in AR 9182. First,
we considered a vertical emergence of the second flux tube.
Second, we also imposed an eastward translational motion on
that emerging flux tube, so that P2 does not present any east-
west motion. Third, we considered a solid rotation of this whole
flux tube, relatively to N2. Finally, for the first flux tube, we only
considered a translation toward the west. Observed and mod-
elled u fields (Eq. (2)) are compared in Fig. 5. For simplicity,
these torus-like flux tubes are represented when they are almost
half-emerged, thus the sections of the tubes appear as circular
regions, of opposite polarities.
We adjusted the relative intensities of the motions, in order
to make a better correspondence between the observations and
model, matching not only the velocity field but also the GA and
Gθ patterns. With the above simple model we are able to derive
both GA and Gθ having the same main features as the observed
maps. In particular the main polarities of GA in AR 9182 are re-
produced by the model. The model Gθ map, shows that negative
density is located in P2 whereas positive helicity flux appears
in N2 and P1. N2 presents the largest helicity flux, as in the ob-
servations.
The GΦ map (bottom right in Fig. 5) gives a diﬀerent re-
sult: the three magnetic polarities present positive helicity den-
sity. Among the evolution motions we considered, we found that
the translational motion and the emergence are responsible for
positive helicity injection while only the solid rotational motion
of the emerging polarities is a source of negative helicity. With
the considered relative intensities for each motion, the positive
helicity dominates the helicity flux, the main source of helic-
ity being the relative translational motions between (N1 P1) and
(N2 P2).
Indeed mutual helicity is injected in both tubes due to the
relative displacement of each tube with respect to the other. In
particular the emergence of an untwisted flux tube nearby an-
other one leads to injection of helicity in both tubes. This may
appear paradoxical if one considers two untwisted closed rings
of magnetic flux which are not linked. If there is no reconnec-
tion, no matter what kind of motions we apply to them their
helicity should remain null. But when computing the relative
helicity flux through a boundary which intersects these rings,
one observes some helicity flux. This injection is mainly due to
the apparent motion of the footpoints of the rising torus. Since
the helicity flux changes sign when the torus is half emerged
(the footpoint motion reverses), the total helicity injected will
be null when the torus will be completely emerged, and so the
paradox disappears.
If the emerging flux tube is twisted, the helicity flux due to
the self-helicity may only appear if the twist is large enough to
dominate this mutual helicity eﬀect. In our model the mutual
helicity injection will dominate if the number of turns for half
the torus is lower than 0.002, so only for very weakly twisted
flux tubes. Since GA and Gθ patterns found for AR 9182 and for
the model are qualitatively similar, this is an indication that the
helicity flux density obtained for AR 9182 is dominated by the
mutual helicity. Indeed, there is no evidence of twisting motions
in the deduced LCT motions. We conclude that the LCT only
detected the relative motions of the magnetic polarities (and may
have missed some internal motions).
6. Conclusion/discussion
6.1. Results
In Pariat et al. (2005), we demonstrated with theoretical exam-
ples how the usual proxy of magnetic helicity flux density, GA,
can produce spurious signals, and we defined two new proxies of
helicity flux density: Gθ and GΦ. GΦ is the most accurate defini-
tion, but Gθ is practically more appropriate to work with obser-
vational data because GΦ requires the knowledge of the field line
connectivity. The present paper addresses the application of Gθ
to real observations in comparison with GA. We have applied Gθ
to the same set of data that were studied by Nindos et al. (2003),
in which GA was used.
The comparison of GA and Gθ maps shows that GA indeed
creates strong fake polarities, due to the translational motions
of magnetic polarities (Sect. 3). In general magnetic polarities
of the same AR have diﬀerent translational motions so it is not
possible to remove a global motion to improve GA maps. With
Gθ these spurious signal disappear: the nondominant polarities
of the helicity flux are suppressed and the intensities of the pre-
dominant polarities are lowered. For all five active regions that
we studied, the pattern of the helicity injection is much more ho-
mogeneous in Gθ maps than in GA maps. For most ARs, even
if some nondominant polarities are still present in the Gθ maps,
their intensities are much smaller than the intensities of the main
helicity flux density polarities. Furthermore, it is not obvious
whether these nondominant polarities are real signal, noise or
spurious signal due to Gθ.
The total and signed helicity flux computed using GA and
Gθ were also compared. One expects that the total fluxes should
be equal, but some diﬀerences do exist between dHA/dt and
dHθ/dt in our data (Sect. 4.1). Theses diﬀerences do not have
a preferential sign and thus tend to become very small when the
data are time-averaged. The relative diﬀerences are also some-
what stronger when the total fluxes are small in absolute value.
Concerning the unsigned fluxes, the nondominant helicity flux
with Gθ is strongly reduced compare with GA (Sect. 4.2). In
the two active regions for which we computed the time evolu-
tion, the total flux is mainly due to the evolution of the dominant
signed flux in Gθ. The nondominant flux appears to be roughly
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constant. This may give an estimation of the intensities of the
fake polarities that Gθ generates (Sect. 4.3) and an indication
about the noise level in the computation of the total helicity flux.
Indeed, although Gθ reduces eﬃciently spurious signals in-
duced by GA, Gθ can also present fake polarities. AR 9182 is an
example where Gθ creates intense unreal polarities (Sect. 5.1).
In fact only the helicity flux density per elementary flux tube,
dhΦ/dt, is physically meaningful and GΦ is the best proxy for it
(Sect. 5.2). It is nevertheless diﬃcult to use such quantity since
it is necessary to determine the coronal linkage to compute GΦ,
which is presently not possible. In practice, Gθ is the best and
simplest solution for mapping the injection of helicity. Even if it
may induce spurious signals in some cases it is possible to infer
the real patterns. For example, when two oppositely signed mag-
netic polarities which are believed to be linked present opposite
Gθ signs, a better estimate of the real helicity flux is an average
of the helicity densities at these magnetic polarities as shown in
Fig. 5.
Regarding the pattern of the magnetic helicity injection we
found that the helicity flux density distribution is much more ho-
mogeneous than previously thought. From the 28 Gθ maps that
we studied only 3 presented opposite sign polarities with inten-
sities of the same magnitude. However in these cases, one may
speculate that these patterns are formed primarily by fake po-
larities due to Gθ as we have demonstrated for AR 9182. We
conclude that the scale for the helicity flux density polarities is
at least of the order of the magnetic polarities if not of the scale
of the whole active region.
6.2. Implications of the results
Meaningful statistics cannot come out from this work but the
result of the homogeneous injection of magnetic helicity has
implications in three domains.
The photospheric injection is a consequence of the genera-
tion of magnetic helicity in the solar interior and of its trans-
port in the convection zone. The cyclonic convection (α-eﬀect),
which is thought to be the source of magnetic helicity of active
regions, produces simultaneously positive and negative magnetic
helicity but with a spectral segregation (Ji 1999). Brandenburg &
Blackman (2002) argue that magnetic helicity at diﬀerent scales,
and thus of diﬀerent sign, must have diﬀerent behaviors. The ob-
served unipolar injection of magnetic helicity would define con-
straints for such models. However it is worth to keep in mind that
presently the LCT method is eﬃcient to detect motions of mag-
netic polarities (and mostly translatory motions) only on scales
larger than the apodizing window. But is magnetic helicity flux
homogeneous and of same sign at all scales? Refined methods to
determine the velocity field are needed to improve the observa-
tional constraints; some are under development (Schuck 2005).
The injection of helicity with uniform sign has also some
implications on some models of solar flare and CME triggering.
Kusano et al. (2004b) developed a mechanism based on the
annihilation of opposite-sign magnetic helicity. This model was
motivated by the observations of mixed sign helicity injection.
Even if one does not question the validity of their model, at least
the scales and the frequencies for its application have to be stud-
ied. In order to test this model with observations it is important to
remove as much as possible the fake polarities. Statistical stud-
ies of the helicity injection pattern – using Gθ and possibly GΦ –
linked to eruptive events must be performed.
Finally the injection of magnetic helicity with uniform sign
supports the idea that CMEs are the way for the solar atmo-
sphere to eject helicity (Rust 1994; Low 1996), and further that
CMEs appear after suﬃcient amount of magnetic helicity has
been stored (Nindos & Andrews 2004). Regular, uniform, unipo-
lar helicity flux through the photosphere slowly increases the ab-
solute total coronal magnetic helicity of an active region, which
will then have to eject it in CMEs.
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Fig. 1. AR 8210 at 09:20 UT on May 2, 1998 (top) and at 21:55 UT on May 3, 1998 (bottom). Left panels: Bn magnetograms with velocity field
(arrows). Center panels: GA maps. Right panels: Gθ maps. GA and Gθ maps are in units of 106 Wb2 m−2 s−1 and have ±300 G isocontours of Bn.
Note that the scale is not the same for the GA and the Gθ maps.
Fig. 2. Same as Fig. 1 but for AR 8375 at 06:25 UT on November 4, 1998 (top) and at 7:35 UT on November 5, 1998 (bottom).
E. Pariat et al.: Helicity injection in a solar active region, Online Material p 3
Fig. 3. Upper panel: plots of (dHA/dt)±, (dHθ/dt)± and dHθ/dt as a function of time for AR 9114. The curves have been smoothed on a time
interval of 100 min. We do not present the dHA/dt curve because its diﬀerences with respect to the dHθ/dt curve are too small to be clearly seen.
Middle panels and lower panels: GA and Gθ maps of AR 9114, as in Fig. 1.
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Fig. 5. Left row: AR 9182 on October 11, 2000 at 21:40 UT: GA map (top panel), Gθ map (middle panel) and Bn magnetogram (bottom panel).
The Bn isocontours on the observations maps are for Bn = ±300 G. Right row: model maps of helicity flux densities; GA (top panel), Gθ (middle
panel) and GΦ (bottom panel).
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Abstract. We derive the magnetic helicity for configurations formed by flux tubes contained fully or
only partially in the spatial domain considered (called closed and open configurations, respectively).
In both cases, magnetic helicity is computed as the sum of mutual helicity over all possible pairs of
magnetic flux tubes weighted by their magnetic fluxes. We emphasize that these mutual helicities
have properties which are not those of mutual inductances in classical circuit theory. For closed
configurations, the mutual helicity of two closed flux tubes is their relative winding around each
other (known as the Gauss linkage number). For open configurations, the magnetic helicity is derived
directly from the geometry of the interlaced flux tubes so it can be computed without reference to a
ground state (such as a potential field). We derive the explicit expression in the case of a planar and
spherical boundary. The magnetic helicity has two parts. The first one is given only by the relative
positions of the flux tubes on the boundary. It is the only part if all flux tubes are arch-shaped. The
second part counts the integer number of turns each pair of flux tubes wind about each other. This
provides a general method to compute the magnetic helicity with discrete or continuous distributions
of magnetic field. The method sets closed and open configurations on an equal level within the same
theoretical framework.
1. Introduction
Magnetic helicity quantifies how the magnetic field is sheared and/or twisted com-
pared to its lowest energy state (potential field). Observations of sheared, and even
helical, magnetic structures in the photosphere, corona and solar wind have attracted
considerable attention, with the consequent interest in magnetic helicity studies (see
reviews in Brown, Canfield, and Pevtsov, 1999; Berger, 2003). Stressed magnetic
fields are often observed in association to flares, eruptive filaments, and coronal
mass ejections (CMEs), but the precise role of magnetic helicity in such activity
events still needs to be clarified.
Magnetic helicity plays a key role in magnetohydrodynamics (MHD) because it
is almost preserved on a timescale less than the global diffusion timescale (Berger,
1984). Its conservation defines a constraint to the magnetic field evolution; in
particular a stressed magnetic field with finite total helicity cannot relax to a potential
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field. Thus magnetic helicity is at the heart of several MHD relaxation theories, for
example of coronal heating (Heyvaerts and Priest, 1984) but also of flares (Kusano
et al., 2004; Melrose, 2004). The permanent accumulation of helicity in the corona
could be vital to the origin of CMEs (Rust, 1994; Low, 1997). In the convection
zone, the accumulation of helicity in large scales limits the efficiency of the dynamo,
thus the conservation of magnetic helicity is responsible of the dynamo saturation,
the so-called α-effect quenching (Brandenburg, 2001).
Only relatively recently, it has been realized that magnetic helicity can be de-
rived directly from observations. Presently the flux of magnetic helicity at the
photospheric level is computed from the evolution observed in longitudinal mag-
netograms (Kusano et al., 2002; Nindos, Zhang, and Zhang, 2003; Chae, Moon,
and Park, 2004). The coronal helicity is estimated from magnetic extrapolation
(De´moulin et al., 2002), while the helicity ejected in magnetic clouds (interplane-
tary counter part of CMEs) is derived through modelling the in situ magnetic field
measurements (Dasso et al., 2003). Thus, solar physicists have recently started
quantitative studies relating the magnetic helicity observations from three domains:
photosphere, corona and interplanetary medium. Statistical studies have been re-
alized following the long-term CME activity of several active regions (De´moulin
et al., 2002; Green et al., 2002; Nindos, Zhang, and Zhang, 2003). In particular it
was shown that differential rotation is not the main actor in the physics of CMEs.
More recently a detailed study related a well-observed small CME to an observed
small magnetic cloud (Mandrini et al., 2005).
Despite the above recent advancements, only a fraction of the theoretical devel-
opment has been applied to observations. This situation partly takes its origin in
the fact that magnetic helicity is usually defined with the magnetic vector potential,
a quantity which is far from any observed quantity. Moreover the computation of
magnetic helicity could be lengthy and tricky. Several ways are usually possible but
they are not equivalent in terms of complexity and application to presently avail-
able observations. A promising approach is to compute mutual helicity between
flux tubes. The aim of this paper is to present such a procedure to compute coronal
helicity. The main advantage is that computing mutual helicities can be done only
using observable quantities.
We proceed progressively from the simplest cases, closed flux tubes (Section 2),
to cases applicable to coronal configurations where magnetic flux cross the bound-
ary of the computation domain (configurations called open, Section 3). For the
close configurations we analyze the formal parallel between mutual helicity and
mutual inductance (as defined in circuit theory) and we emphasize the important
differences (Section 2.4). The mutual helicity is directly related to the linkage num-
ber of the flux tubes. For open configurations, we cannot use directly the linkage
number. We rather build the magnetic configuration by progressively bringing to-
gether elementary flux tubes. We use the injection of helicity with boundary motions
(Section 3.2) to compute the helicity of both discrete and continuous distributions
of flux tubes (Section 3.3). These results are derived in Cartesian geometry, and the
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equivalent derivation in spherical geometry is given in Appendix. We then operate
to remove the history of this building phase (paths of the flux tubes) in order to
derive the helicity just from the final configuration. There are several caveats in
this procedure (Section 3.4). The results are illustrated by computing the helicity
of two magnetic flux tubes (Sections 3.5 and 3.6). It provides also the building
block for deriving the helicity of both discrete and continuous distributions of flux
tubes (Section 3.7). The symmetry properties of mutual helicity are analyzed in
Section 4. Then we conclude on the properties of mutual helicity and on deriving
coronal helicity (Section 5).
2. Closed Configurations
Let us consider in this section closed configurations both for the current density j
and the magnetic field B, i.e. both are confined inside the volume V (which could
be as large as needed). Both current lines and field lines are supposed to be closed
on themselves, so we can define current channels and closed flux tubes. The main
aim is to compare the properties of classical mutual inductance to the properties
of mutual magnetic helicity: It also provides a base which will be used for open
configurations (Section 3.6).
2.1. MAGNETIC ENERGY
The magnetic energy of any field B contained inside V is
E = 1
2μ0
∫
V
B2 d3x = 1
2
∫
V
j · A d3x, (1)
where the vector potential A satisfies B = ∇ × A. The second equality in
Equation (1) suppose that ∫S A × B d2x = 0, where S is the boundary of V . The
vector potential A can be written as a function of j; with the Coulomb gauge,
∇ · A = 0, we have
A = μ0
∫
V
j(x′)
|x − x′| d
3x ′. (2)
Then the magnetic energy can be written as a function of the currents alone:
E = μ0
2
∫
V
∫
V
j(x) · j(x′)
|x − x′| d
3x d3x ′. (3)
An approximation of this double integral can be realized by splitting the currents
in N channels (with N as large as needed):
E ≈ 1
2
(
N
∑
i=1
Li I 2i +
N
∑
i=1
N
∑
j=1, j =i
Mi, j Ii I j
)
, (4)
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where Ii and Li are the current and the self-inductance of current channel i respec-
tively, and Mi, j is the mutual inductance between current channels i and j .
2.2. MAGNETIC HELICITY
The magnetic helicity of the field B fully contained within a volume V (i.e. at any
point of S the normal component Bn = B · nˆ vanishes) is (Elsasser, 1956):
H close =
∫
V
A · B d3x . (5)
The vector potential A can be written in function of B within the Coulomb gauge:
A(x) = 1
4π
∫
B(x′) × (x − x
′)
|x − x′|3 d
3x ′. (6)
Then the magnetic helicity can be written in function of B alone (Moffatt, 1969):
H close = 1
4π
∫
V
∫
V
B(x) × B(x′) · (x − x
′)
|x − x′|3 d
3x d3x ′. (7)
An approximation of this double integral can be realized by splitting the magnetic
field in N flux tubes (Berger and Field, 1984):
H close ≈
N
∑
i=1
T closei 
2
i +
N
∑
i=1
N
∑
j=1, j =i
Lclosei, j i j . (8)
where i and T closei are the magnetic flux and the self helicity of flux tube i re-
spectively (T closei includes both twist and writhe), and Lclosei, j is the mutual helicity
between flux tubes i and j .
2.3. LINK BETWEEN E AND H WITH FORCE-FREE FIELDS
The two previous sections show that a formal parallel can be drawn between the
computations of energy and helicity. This analogy is even stronger with force-free
fields where
j(x) = α(x)
μ0
B(x). (9)
In this case H close and E have similar expressions since Equation (5) has only an
extra multiplicative factor 2μ0/α(x) in the integrand compared to Equation (1).
Can we go further in this formal parallel? More precisely, can we relate mutual
helicities to mutual inductances? Let consider a configuration formed by N discrete
and thin current channels. Following Melrose (2004), this relation, if present, would
be stronger in the case of a force-free field configuration since each current channel
is also a flux tube. Let us further suppose that α is uniform in each channel (α = αi ).
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Then the current Ii of each current channel is related to the magnetic flux, i , along
the corresponding flux tube by
Ii = αii/μ0 (10)
Then Equation (4) can be rewritten as
E = 1
2μ20
(
N
∑
i=1
α2i Li
2
i +
N
∑
i=1
N
∑
j=1, j =i
αiα j Mi, ji j
)
. (11)
One can also rewrite the right-hand side of Equation (1) using the force-free equa-
tion:
E = 1
2μ0
∫
V
αB · A d3x . (12)
As for Equation (5), an approximation of this double integral can be realized by
splitting the magnetic field in N flux tubes:
E = 1
2μ0
(
N
∑
i=1
αi T closei 
2
i +
N
∑
i=1
N
∑
j=1, j =i
αiLclosei, j i j
)
. (13)
Next, let us suppose that the i are independent variables, and that Li , Mi, j , Ti ,
Lclosei, j are not functions of the i . Then comparing Equation (11) and Equation (13)
term by term in i j , and using the symmetries Mi, j = M j,i and Lclosei, j = Lclosej,i ,
we have
T closei =
αi
μ0
Li ; Lclosei, j =
2
μ0
αiα j
αi + α j Mi, j , (14)
The above derivation reaches the conclusion that, for a force-free field, there is a
direct proportionality between self/mutual helicities and self/mutual inductances,
while different properties were derived previously (Berger, 1999 and references
therein). In fact the above derivation is not correct because Equations (11) and
(13) do not describe magnetic configurations with the same N elements, as fol-
lows. Equation (11), derived from Equation (4), uses N current channels while
Equation (13) uses N magnetic flux tubes with the same spatial extension. The
problem lies in the fact that when discretizing in N current channels, each channel
of current Ii , does not only produce the magnetic field i along itself, as present in
Equation (10), but it also creates a magnetic field outside its own volume (there is
no return current at the periphery to shield the magnetic field created by the direct
current Ii , as supposed in Equation (10)). This induced magnetic field, outside the
current channel, is responsible for the mutual inductance of two current tubes which
are not linked (in the sense of the Gauss linking number). In contrast, the magnetic
flux tube, shearing the same volume than the current channel Ii , does not have any
magnetic field in the outside volume. Thus the current-channel description is not
equivalent to the magnetic flux-tube description. When comparing Equations (11)
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and (13), since we use different descriptions, i.e. different bases, it is not possible
to equalize the mutual terms as written in Equation (14).
Let us use only the current-channel description; then the approximation of
Equation (12) is changed because for each current channel we need to take into
account the potential field created outside. Let us approximate this outside field
by K flux tubes, then the total magnetic field of each current channel is described
by K + 1 flux tubes with fluxes ki (with ki=1 = i for current channel i), so
Equation (13) is replaced by
E = 1
2μ0
(
N
∑
i=1
αi T closei 
2
i +
N
∑
i=1
K+1
∑
ki =2
αiLclosei,ki iki
+
N
∑
i=1
N
∑
j=1, j =i
K+1
∑
k j =1
αiLclosei,k j ik j
)
. (15)
There is only one extra summation (on k j ) since the other summation simplifies to
one term as α = 0 outside the current channel i . In the above derivation we keep
the same representation, current channels, but then we cannot relate the mutual
inductance and the mutual helicity of a couple of current channels (i, j), since we
cannot compare term by term Equations (11) and (15).
We conclude that, even for a force-free field, there is no relationship between
mutual inductances and mutual helicities. The above discussion points out the
need for a clear derivation of mutual helicities (they cannot be approximated by
Equation (13) of Melrose, 2004). This will change the coefficients in the flare theory
of Melrose, but we are not challenging here the global derivation of his flare model,
but rather we proceed deriving the proper expressions for the mutual helicities.
2.4. PROPERTIES OF MUTUAL HELICITY AND INDUCTANCE
Let us rewrite Equation (7) by doing the integration along and across the elementary
flux tubes. Each tube is defined by a close curve C along its axis and an elementary
magnetic flux d. The element of integration d3x is replaced by dS dl, with B dS =
ˆt d, and Equation (7) is rewritten as
H close =
∫

∫

LcloseC,C ′ d d′, (16)
with
LcloseC,C ′ =
1
4π
∮
C
∮
C ′
ˆt(x) × ˆt(x′) · (x − x
′)
|x − x′|3 dl dl
′. (17)
LcloseC,C ′ is known as the Gauss linking number of these two curves (Moffatt, 1969). It
defines the number of times one curve turns around the other taking into account the
orientations of the curves.LcloseC,C ′ is a signed integer, invariant to deformations of the
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two curves which do not involve one curve passing through the other (but each curve
is allowed to pass through itself). For two unlinked curves (which can be separated
to infinitely large distance without crossing each other), one has LcloseC,C ′ = 0.
In the case of B localized in N flux tubes, Equation (16) simplifies to Equation (8)
and Equation (17) provides an explicit way to compute the mutual helicity. The
mutual inductance shares only one common property with the mutual helicity:
both are symmetric, i.e. Mi, j = M j,i and Lclosei, j = Lclosej,i . Apart from that, their
properties are very different. For example let us consider two unlinked flux tubes:
they have Lclosei, j = 0 independently of their distance or relative orientation, unlike
the mutual inductance Mi, j of two current channels which decreases progressively
as the currents are more distant or as the current channels are less parallel (Figure 1).
The magnetic energy can also be written as a function of the Gauss linkage
number, as follow. Just as A can be written as a function of B (Equation (6)), one
has
B(x) = μ0
4π
∫
j(x′) × (x − x
′)
|x − x′|3 d
3x ′. (18)
Figure 1. Top: two magnetic flux tubes. The magnetic helicity is twice the magnetic flux linkage
Lclose12 (=0 on the left, = −1 on the right) multiplied by the magnetic fluxes (Equations (8) and (17)).
Bottom: two current channels. The flux of the magnetic field created by one current channel, with unit
current, through the current channel of the other current channel defines the mutual inductance M12;
thus the mutual inductance corresponds to the linkage of the magnetic flux created by one current
channel with the second current channel (Equation (20)).
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Included once in the magnetic energy definition, E = ∫V B2/(2μ0) d3x , we get
E = 1
8π
∫
V
∫
V
B(x) × j(x′) · (x − x
′)
|x − x′|3 d
3x d3x ′. (19)
Rewriting the integrations along magnetic flux tubes and currents located along the
curves C and C ′ respectively, it transforms to
E = 1
2
∫

∫
I
LcloseC,C ′ d dI ′. (20)
It follows that the magnetic energy can be seen as the summation of the linkage
between the magnetic flux and the current channels weighted by the elementary flux
and currents. For example, with μ0 = 1, the mutual inductance Mi, j of two current
channels is the magnetic flux created by current channel i with unit current through
the current channel j (or vice versa). This property is pictured in Figure 1. As
the distance between the two current channels increases, or as the current channels
become less parallel, Mi, j decreases as the magnetic flux though the current channel
j does.
3. Magnetic Helicity in Open Configurations
3.1. RELATIVE MAGNETIC HELICITY
The definition of the magnetic helicity with Equation (5) is limited to the cases
when the magnetic field is fully contained inside the volume V . In the case where
V is part of the corona, we clearly have magnetic fluxes crossing S, in particular
for the part of S located at the photospheric level. Let us call Bn the normal field
component at the boundary S. Berger and Field (1984) have shown that for cases
where Bn = 0 on S one can define a relative magnetic helicity, H , by subtracting
the helicity of a reference potential field Bp which has the same Bn distribution on
S. A general expression for H is (Finn and Antonsen, 1985):
H =
∫
V
(A + Ap) · (B − Bp) d3x . (21)
It is independent of the gauge selected for A and Ap since any change of gauge
adds a term of the form ∇ to A + Ap, and the extra integral vanishes because
Bn = Bp,n on S.
3.2. INJECTION OF HELICITY
With magnetic flux crossing the boundary S of the volume V , we no longer have
closed flux tubes so the approach of Section 2.4 to compute the magnetic helicity
is not applicable. However we can keep track of the helicity flux crossing S.
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The flux of H through S can be written in general as (Berger and Field, 1984):
dH
dt
= 2
∫
S
[(Ap · B)vn − (Ap · v)Bn] d2x, (22)
where v is the plasma velocity and the subscript n indicates the component locally
orthogonal to S.
We assume below that the boundary S is planar (see Appendix for a spherical
boundary S). In this geometry the field Ap is especially simple (Berger, 1984):
Ap(x) = nˆ2π ×
∫
S
Bn(x′) x − x
′
|x − x′|2 d
2x ′. (23)
Let us define θ (x − x′) as the angle between x − x′ and a fixed direction with
trigonometric convention. The inclusion of Equation (23) in Equation (22) permits
to write, after some computations (Berger, 1984):
dH
dt
= 2
∫
S
∫
S
dθ (x − x′)
dt
Bn(x)Bn(x′) d2x d2x ′. (24)
This equation shows that the helicity injection rate can be understood as the sum-
mation of the rotation rate of all the pairs of elementary fluxes weighted with their
magnetic flux.
The above double summations do not take into account how the magnetic field
connects the positive (Bn > 0) to the negative (Bn < 0) flux regions of S; however
it is possible to rewrite the summations more explicitly in terms of the coronal
connections. Let a be the label of a generic flux tube going from xa+ to xa− with a
flux da . Similarly, the flux tube labeled c travels from xc+ to xc− and has a flux
dc. Thus Equation (24) can be rewritten as (Pariat, De´moulin, and Berger, 2005):
dH
dt
= 1
2π
∫

∫

(
dθ (xc− − xa+)
dt
+ dθ (xc+ − xa−)
dt
−dθ (xc+ − xa+)
dt
− dθ (xc− − xa−)
dt
)
da dc. (25)
So, the input of helicity involve the summation, over all the pairs of flux tubes, of
the relative rotation of their foot points.
3.3. HELICITY COMPUTED WITH BOUNDARY MOTIONS
We can calculate the magnetic helicity of a configuration by progressively building
up the configuration (by bringing elementary flux tubes one after the other) and
by summing up the helicity injection during the process. The helicity is formally
equal to
H = 1
2π
∫

∫

La,c da dc, (26)
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where La,c is the mutual helicity of the flux tubes “a” and “c” with
dLa,c
dt
= dθ (xc− − xa+)
dt
+ dθ (xc+ − xa−)
dt
−dθ (xc+ − xa+)
dt
− dθ (xc− − xa−)
dt
. (27)
The time integration of Equation (27) corresponds to the progressive building of
the magnetic configuration. The electrostatic energy of a collection of charges
is often calculated in a similar way, but unlike the electrostatic case, flux tubes
are not punctual elements, and we need to care not only about the two foot point
motions but also about the 3D shape of the flux tubes these motions imply.
The computation of the magnetic helicity involves summing the helicity input
over all possible pairs of elementary flux tubes (Equation (26)). The difficulty
lies only in our ability to compute the mutual helicity of a pair of flux tubes (so
integrating Equation (27) in time).
Let us consider virtual motions which continuously deform the flux tubes. In
particular we forbid the crossing of two flux tubes, just as in ideal MHD, so the
allowed motions can simply be called ideal motions. Preserving the 3D topology
of the flux tubes is important; when two flux tubes reconnect the mutual helicity is
changed to self helicity (mainly twist in each flux tube, Wright and Berger, 1989).
In principle it is possible to take this into account, but we avoid this since we want
to compute the mutual helicity in the simplest possible way.
What are the motions needed to build a generic pair of flux tubes? In a first step
we start from a generic pair of flux tubes “a” and “c” and look for the ideal motions
needed to separate them to an infinite distance. In many cases we cannot separate
them by simply translating rigidly one of the flux tubes: they are linked together.
So first we need to unlink them by doing just enough relative rotation of the foot
points a− around c− and/or a+ around c+. These rotations can be limited to an
integer number of turns, bringing back the foot points to their initial positions but
with a different 3D shape of the flux tubes (see examples in Figure 2).When flux
tube “a” is no longer doing more than one turn around flux tube “c”, the flux tubes
can be “straightened” by ideal motions resulting in both having an arch-like shape
(keeping the foot points at fixed positions). Then the flux tubes can be separated to
an arbitrary large distance by simple translation motions. The computation of the
mutual helicity proceeds with the reverse series of ideal motions: first translation
then “unstraightening” and finally rotations (the last two can be reversed to get the
final shape more easily).
We are now in a position to compute the magnetic helicity. Let us consider two
generic arch-like flux tubes “a” and “c” with “c” at infinitely large distance from
“a”. This configuration has zero helicity. Next move flux tube “c” into place with
the three kinds of ideal motions defined above, keeping track of the helicity change
(only the first and third motions change the helicity). From Equation (25) we need
to integrate the variation of the position angle of foot points c+, c− as seen from a+
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Figure 2. Examples of two magnetic flux tubes rooted at a−,a+ and c−,c+ respectively. Top row:
Arch-like flux tubes. The left (right) panel shows the case where the flux tube “a” is above (below) the
flux tube “c”, respectively. The mutual helicity is given byLarchaˆ,c (Equation (31)) andLa,cˆ = Larchaˆ,c −1
(Equation (30)) respectively. Bottom row: Linked flux tubes. These configurations can be created from
the configurations on the top by rotating in the clockwise (trigonometric) direction the foot point c+
by one turn around a+ for the left (right) panels respectively (with some added ideal deformation to
get the precise shape of flux tube “c”. Equivalently c− can be turned around a−).
and a−, so let us use polar coordinates centered on a+ (resp. a−). The position of
foot point c (either c+ or c−) with respect to a (either a+ or a−) is x = r (cos θ, sin θ ),
with θ = θ∞ when c is at infinity and θ = θca when c is in place. Here we need a
continuous function θ , without any branch cut, so it is a multi-valued function that
we notate as θm . There are an infinite number of paths bringing “c” from infinity to
its place, but for all the paths with ideal motions the change θ is θca − θ∞. Thus,
integrating Equation (27) in time, the mutual helicity for the two elementary flux
tubes “a” and “c” is
La,c = 12π
(
θmc+a− − θmc+a+ + θmc−a+ − θmc−a−
)
. (28)
The multi-valued function θm keeps track of how much foot points c± are rotating
around foot points a± (and reciprocally), taking in account both translational and
rotational motions.
3.4. HELICITY COMPUTED WITH INTERIOR ANGLES
In this section we apply the result of Equation (28) to translational motions (bringing
the arch-like flux tube “c” in place from infinity). The aim is to simplify the practical
use of Equation (28).
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La,c is only an explicit function of the angles θm in the final configuration.
Moreover, with only translational motions the angles θm change by less than one turn
during the full transport. Hence it is tempting to compute the magnetic helicity just
from the geometrical properties of the final configuration, i.e. from the single-value
angles θ with a fixed reference direction. However, by forgetting the construction
path, we lose the continuity of the functions θm : the function θ has a branch cut.
The difficulty here is to define the location of the cut so that it does not affect
Equation (28). In particular any difference of angles from each side of the branch
cut will add a spurious value ±1 toLa,c. In fact, it is tricky to realize this generically
for the four θ angles. For this reason we are not using Equation (28) with single-
valued θ functions.
We can simplify the use of Equation (28) by defining the two interior angles
(Berger, 1986):
αc+ = θmc+a+ − θmc+a− (29)
αc− = θmc−a− − θmc−a+,
with αc± defined in the interval [−π, π ] so that αc± is a single-valued function.
They are both defined following two simple rules: one, the index of α (c+ or c−)
indicates the vertex of the angle; two, the angle is oriented from the foot point of
flux tube “a” with the same polarity sign (Bn sign) at the angle vertex towards the
other foot point of “a” (with the trigonometric sign convention). Examples are
shown in Figure 3. During the transport of flux tube “c”, αc± simply defines the
angular extension of the segment a−a+ as seen from c±. If we restrict to the cases
where the path of c+ and c− do not cross the segment a−a+ the function αc± is a
continuous function of the positions of c+ and c− and it is in the interval [−π, π ].
With the definition of Equation (30) we define a new function:
Larcha,cˆ =
1
2π
(αc+ + αc−), (30)
Figure 3. Definitions of the angles α for the mutual magnetic helicity of two flux tubes a and c (see
Figure 2 for examples). The flux tubes are rooted on the boundary S at a−, a+ and c−, c+ respectively.
There are two cases: (a) when the segments a−a+ and c−c+ do not intercept, and (b) when they do.
The foot point positions can be described either by (αa− , αa+ ) or by (αc− , αc+ ). The angles are positive
in the trigonometric direction: αa− , αa+ > 0, αc+ < 0 in both panels, and αc− > 0 (< 0) in the left
(right) panel respectively. The right panel has the foot points localized as in Figure 2. Both panels are
foot-point examples of those used in Figure 4.
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where the index cˆ indicates that the angles α are centered on the foot points of flux
tube “c”.
We could also have used the angles α centered on the foot points of flux tube “a”.
They define the angular extension of the segment c−c+ as seen from a±. With these
angles we would then define the function:
Larchaˆ,c =
1
2π
(αa+ + αa−). (31)
Do we have the same mutual helicity withLarchaˆ,c andLarcha,cˆ ? In fact there is an intrinsic
asymmetry using the angles αa± and αc±: αa± is discontinuous by ±2π when a+
or a− crosses the segment c−c+ while αc± is also discontinuous by ±2π but when
c+ or c− crosses the segment a+a−. One example can be derived from Figure 3a:
as c− approaches the segment a−a+, αc− tends to π ; but at the moment when c−
crosses a−a+, αc− jumps to −π . The above discontinuities imply a difference of 1
between Larchaˆ,c and Larcha,cˆ in the region where the segments a+a− and c−c+ intercept
each other, while Larchaˆ,c = Larcha,cˆ at other locations (Figure 4).
The above difference in the mutual helicities, Larchaˆ,c and Larcha,cˆ , is linked to an
implicit difference in the magnetic configuration, as follows. Let us define the
height as the distance to the boundary S. Flux tube “c” is called “above” flux
tube “a” when the closed curve defined by the elementary flux tube “c” and the
segment c−c+ encircles flux tube “a”. (In the case when flux tube “c” is in the
plane defined by c−c+ and the normal nˆ to the boundary S, flux tube “c” is strictly
passing above flux tube “a”; this case can be generalized to any shape through
Figure 4. 2D plots of Larchaˆ,c (x, y) and Larcha,cˆ (x, y) with (x,y) the coordinates of the middle of the
segment c−c+. The foot points of flux tube “a” are fixed at a− (−1, 0) and a+ (1, 0), while the foot
points of flux tube “c” are defined by c±: (x ± ρc cos ϕc, y ± ρc sin ϕc) with ρc = 0.7 and ϕc = 0.75
(the same values as in Figures 2 and 3). The positive (negative) values have black continuous (white
dashed) isocontours respectively, while the zero value is black with long dashes. The isocontour
values are separated by 0.1. The functions Larchaˆ,c and Larcha,cˆ coincide except in the region where a−a+
and c−c+ intercept (central lozenge); there they differ by unity.
16 P. DEMOULIN, E. PARIAT AND M. A. BERGER
an ideal deformation which keeps the foot points c− and c+ fixed since it does
not change the mutual helicity). Let us analyze the mutual helicity evolution of
Larchaˆ,c when we set the arch-like flux tube “c” in place with ideal motions involving
only translation. Flux tube “c” cannot be above flux tube “a” with a continuous
evolution of the angles αa± (as soon as the segment c−c+ cross a− or a+ there is
a discontinuity of ±2π ). Indeed when the segments a+a− and c−c+ intercept, the
function Larchaˆ,c implicitly selects the configuration where flux tube “a” is above flux
tube “c”, while it is the reverse for the function Larcha,cˆ . An example of each case is
shown in top panels of Figure 2, on the left for Larchaˆ,c and on the right for Larcha,cˆ .
We are now in position to compute the mutual helicity for a given pair of flux
tubes with arch-like shapes. We simply need to determine which one is above the
other one (making the a/c symmetry explicit):
Larcha,c =
⎧
⎪
⎪
⎨
⎪
⎪
⎩
Larchaˆ,c if “a” above “c”
Larcha,cˆ if “c” above “a”
Larchaˆ,c = Larcha,cˆ otherwise.
(32)
3.5. HELICITY OF TWO ARCH-LIKE FLUX TUBES
In this part we analyze the behavior of the mutual helicity Larchaˆ,c as a function
of the relative position of two arch-like flux tubes “a” and “c”. Without loss of
generality we can select the system of coordinates on S such that the foot points of
flux tube “a” are at a± = (±1, 0). The centre of the foot points of flux tube “c” is
located at (x, y) = (r cos ϕ, r sin ϕ). The segment c−c+ is angled by ϕc with respect
to the x-axis, and it has a size 2ρc.
When the flux tube “c” is small, ρc  1, or far from “a”, ρc  r , we can get a
simple approximation of Larchaˆ,c called Larchaˆ,s :
Larchaˆ,s =
2ρc
π
r2 sin(2ϕ − ϕc) + sin ϕc
(r2 − 1)2 + 4r2 sin2(ϕ) . (33)
In this limit the mutual helicity is proportional to the size ratio ρc of the flux
tubes “c” and “a”. Since “c” is supposed small compare to “a”, Larchaˆ,s implicitly
assumes that “a” is above “c” when a−a+ and c−c+ intercept (central part of
Figure 5a). However Larchaˆ,s cannot be used around the branch cuts of Larchaˆ,c (which
have an extension proportional to ρc, so are small in the above context, even for
ρc = 0.3 as shown by comparing Figures 5a and b).
The expression of Larchaˆ,s simplifies at large distance, r 	 1 and 2ϕ = ϕc:
Larchaˆ,s ≈
2ρc
πr2
sin(2ϕ − ϕc), (34)
showing that the mutual helicity decreases relatively fast, as r−2 (the decrease is
even faster, as r−4, when 2ϕ = ϕc). It captures also the main large scale properties
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Figure 5. The mutual helicity Larchaˆ,c for two arch-like flux tubes. The foot points a± of flux tube “a”
are fixed (±1, 0), while the foot point of flux tube “c” are defined by c± = (x±ρc cos ϕc, y±ρc sin ϕc).
The middle of the segment c−c+ is located at the position (x, y) of these 2D plots. ρc changes with
the panel while ϕc has a fixed value. The top right panel is computed in the limit of very small
flux tube “c” given by Equation (33). The isocontour values are equidistant by 0.05 and the drawing
convention is the same as in Figure 4.
of Larcha,c , which is formed by four lobes (sin(2ϕ) function) and which is rotated by
ϕc/2 in the trigonometric direction (Figure 6).
In the opposite limit, r  1:
Larchaˆ,s ≈
2ρc
π
sin(ϕc), (35)
so, when flux tube “c” is located close to the centre of flux tube “a”, the mutual
helicity is defined simply by the relative orientation and size of the flux tubes.
When the flux tube “c” is not small, we get a simple expression when
r = 0, i.e. when “c” is located precisely in the centre of “a”: Larcha,c =
(1/π ) tan−1[(2ρc sin ϕc)/(1−ρ2c )] with tan−1 defined in the interval [0, π ]. This ex-
pression reduces to Equation (35) when the tan−1 function can be approximate by its
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Figure 6. The mutual helicity Larchaˆ,c (x, y) for two arch-like flux tubes. The drawing convention and
the parameters are as in Figure 5 except that ρc is fixed, and ϕc changes with the panel.
argument. This behavior is present in the central region of flux tube “a” (Figure 6).
The largest mutual helicity is found when the two flux tubes are orthogonal (and
not parallel as for mutual inductances, Section 2.4).
The two branch cuts of Larchaˆ,c , described in Section 3.4, are generically present.
They are located where the segment c−c+ intercepts either a+ or a−, so they extend
in size as ρc (Figure 5), and their orientation rotates with ϕc (Figure 6).
3.6. HELICITY OF TWO LINKED FLUX TUBES
When two flux tubes are linked their mutual helicity does not only depend on their
relative foot point positions but also on how much they turn around each other.
Let us start with the example of Figure 2a and transform this configuration with
an ideal motion where c+ is rotating around a+. After a rotation of one turn in the
clockwise direction, the configuration is transformed to the one shown in Figure 2c
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Figure 7. (a): Isocontours of the single-value function αc+ (same drawing convention as in Figures 4–
6 with isocontour values separated by 0.1). (b): 3D view of two layers of the multi-valued function
αmc+ . Only the negative x extension is drawn in order to better see the multi layers.
(up to an ideal deformation keeping the foot points fixed). The mutual helicity has
increased by unity (Equation (28)). One can also transform the configuration of
Figure 2a to those of Figure 2b with an ideal motion where c+ is rotating around
a+ in the trigonometric direction. Another turn transforms Figure 2b to d. Indeed,
for the same foot point positions of flux tubes “a” and “c” the mutual helicity is
Larchaˆ,c + N where N is a signed integer representing the number of turns the flux
tubes make around each other.
The case of linked flux tubes can be taken into account by generalizing the
definition of α angles (Equation (30)) to multi-valued functions αm . Two layers
of αmc+ are shown in Figure 7b: as c+ turns around a+ (or a−) αmc+ progressively
changes layer via the up/down connections present in the region around a−a+. An
isocontour representation, as in Figures 4–6, of one layer is shown for comparison in
Figure 7a. It has a branch cut on the segment a−a+. With both the positions of c− and
c+ variable,Larchaˆ,c andLarcha,cˆ have two cuts and their generalization with αm functions
have the above multi-layer structure. These properties of the mutual helicity are even
farther from the classical inductance properties than those described in Section 2.4
for closed flux tubes.
The difference between Larchaˆ,c and Larcha,cˆ can also be understood with the multi-
layer functions. When a−a+ and c−c+ do not intercept, Larchaˆ,c and Larcha,cˆ coincide:
they are in the same layer, that we will call the basic layer. However when a−a+
and c−c+ intercept we need a rotation with ideal motions of c+ around a+ (or c−
around a−) by one turn to transform the configuration associated toLarchaˆ,c (Figure 2a)
to the one associated to Larcha,cˆ (Figure 2b). We find Larcha,cˆ = Larchaˆ,c − 1. In that case
Larchaˆ,c and Larcha,cˆ are in the two connections attached to the basic layer and going
to the neighbor layers: one is on the ascending connection and the other is on the
descending connection.
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The above multi-valued functions permit us to visualize the properties of the
mutual helicity but they are not so efficient in practical computations. It is more
efficient to use the Gauss linkage number, as follows. For a generic configuration,
G, formed by two flux tubes “a” and “c” we first defined an arch-like configuration
having the same foot-point locations. We then take its mirror image through the
boundary S taking into account that the magnetic field is a pseudo vector, i.e.
Bx (−z) = −Bx (z), By(−z) = −By(z), and Bz(−z) = Bz(z) with (Bx , By, Bz) the
three components of B in an orthogonal basis, where z is the coordinate orthogonal
to the planar boundary located at z = 0. The mutual helicities of these configurations
are La,c for the original configuration G, Larcha,c for the arch-like configuration, and
−Larcha,c for the mirror image of the arch-like configuration. Adding this arch-like
mirror image to G permits us to close the initial configuration and thus to use the
Gauss linkage number Lclosea,c (Equation (17)). So, the mutual helicity of the two
initial flux tubes (configuration G) is given by
La,c = Lclosea,c + Larcha,c , (36)
with Lclosea,c given by Equation (17) and Larcha,c by Equation (32).
This general result is illustrated in Figure 8. Let compute the mutual helicity of
the linked flux tubes shown in Figure 8a (configuration G above). Let first select
the configuration of Figure 2a as the arch-like configuration with the same foot
points. Its mirror image, Figure 8b, has a mutual helicity −Larchaˆ,c . Adding these two
configurations gives two flux tubes linked by two turns (Figure 8c). Equation (36)
Figure 8. Computation of the magnetic helicity of the open configuration (a) is realized by closing it
with the configuration (b) (the mirror image, through the boundary S, of an arch-like configuration
having the same foot-point locations as (a)). The sum of (a) and (b) gives the closed configuration
(c). The mutual helicity of (b) is computed with Equation (32) and those of the (c) is the Gauss
linkage number (Equation (17)). The mutual helicity of (a) is the difference between those of (c)
and (b).
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gives directly the mutual helicity of 2−Larchaˆ,c for the configuration of Figure 8a. We
could equivalently have chosen to close the linked flux tubes with the image of the
configuration shown in Figure 2b. The difference of 1 in the mutual helicity with
the previously selected closing configuration is compensated by the same change
in the Gauss linkage number of the closed configuration.
3.7. HELICITY FOR A GENERAL MAGNETIC CONFIGURATION
We derive above a method for computing the mutual helicity of any pair of el-
ementary flux tubes (Equation (36)). Then by integrating Equation (26), we can
compute the magnetic helicity of any open magnetic configuration above the
boundary S.
In the case of N discrete flux tubes with fluxes i , the integration of Equa-
tion (26) limited to each flux tube provides the self helicity Ti2i (twist and writhe).
The integration of Equation (26) limited to flux tube i and j givesLi, ji j . So, for
N discrete flux tubes crossing the boundary S we get the same formal expression
as for closed flux tubes (Equation (8)):
H =
N
∑
i=1
Ti2i +
N
∑
i=1
N
∑
j=1, j =i
Li, ji j . (37)
The main difference is that Li, j is a continuous function of the foot point po-
sitions (Equation (36)), contrasting with its integer value for closed flux tubes.
If the extensions of flux-tube foot points are small compare with their separa-
tions, Li, j is approximately the mutual helicity computed with the flux-tube axis.
Finally, the self helicity Ti is not present in the continuous version of Equa-
tion (26) since the ratio of first summation to the second one in Equation (37)
decreases as 1/N , so becomes negligible for large N and null in the case of an
integration.
4. Symmetry Properties
4.1. MUTUAL HELICITY WITH COMPLEX FUNCTIONS
The expression for mutual helicity, Equation (28), possesses several symmetries.
We can derive these symmetries most easily by using complex variables. Assign
complex numbers z = x + iy to points on the photosphere (assumed to be a plane).
Thus the positive foot point of arch a will be assigned the complex number a+.
Define a multi-valued complex logarithm logm which satisfies
dlogm(z)
dz
= 1
z
, (38)
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but where the complex part is not restricted to the principal value (i.e. |I m z| can
be greater than π ). Then, for example, we can write
θmc+a− = Im logm(a− − c+). (39)
The mutual helicity becomes
La,c = 12π Im log
m
( (a+ − c−)(a− − c+)
(a+ − c+)(a− − c−)
)
. (40)
The object inside the complex logarithm is called a cross-ratio. These objects
have many interesting properties (see, e.g. Conway, 1975). Given four complex
numbers a, b, c, d, define
C(a, b, c, d) = (a − c)(b − d)(a − d)(b − c) . (41)
Then
La,c = 12π Im log
mC(a+, a−, c−, c+). (42)
Suppose we define the ordinary logarithm with a branch cut on the negative real
axis. Then logmC = log C + n for some integer n counting the number of times
the two tubes wrap around each other. The branch cut occurs when the sum of the
angles equals π , for example when the each arch sits on the opposite corners of a
square. If we ignore n, then we have a function just of the positions of the four foot
points. This function obeys a set of symmetries called conformal symmetries.
4.2. CONFORMAL SYMMETRIES
Given a complex number z, let the Mo¨bius transformation F(z) be defined by
F(z) = αz + β
γ z + δ (43)
for some complex coefficients α, β, γ , and δ. Then a standard result in complex
algebra shows that the cross ratio is invariant under this transformation. In other
words,
C(F(a+), F(a−), F(c−), F(c+)) = C(a+, a−, c−, c+). (44)
Thus the mutual helicity is preserved when all four foot point positions are acted
upon by a Mo¨bius transformation.
Conformal transformations (in the case of the complex plane, Mo¨bius transfor-
mations) preserve angles. It is not surprising that they preserve mutual helicities,
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as these are built from angles. The simplest symmetries are
z → eiθ z, rotations;
z → z + β, translations;
z → r z dilations.
(45)
An additional, perhaps less obvious symmetry inverts points with respect to the
unit circle:
z → 1
z
inversions. (46)
4.3. PERMUTATIONS
If we permute the four entries in the cross-ratio we obtain a new cross-ratio closely
related to the original. For example, if
C1 = C(a+, a−, c−, c+) (47)
then
C2 = C(c−, a+, a−, c+) = 11 − C1 (48)
C3 = C(a−, c−, a+, c+) = 11 − C2 =
C1 − 1
C1
. (49)
All other permutations give either C1, C2, C3, or their inverses C−11 , C
−1
2 , C
−1
3 . For
example, reversing a+ and a− gives
C(a−, a+, c−, c+) = C−11 . (50)
Upon taking the logarithm to obtain the mutual helicity, the negative exponent turns
into a minus sign. This reflects the fact that reversing a+ and a− corresponds to
reversing the direction of magnetic field for flux tube a.
5. Conclusion
The main aim of this work is to clarify the computation of magnetic helicity as the
summation of mutual helicity over all pairs of flux tubes forming a given magnetic
configuration. For that we revisit and extend the theory for both closed and open
magnetic configurations. For the open case we consider only magnetic configu-
rations bounded by a plane or a sphere representing, for example, a photospheric
location. Extension to others boundary geometries are possible, simply technically
more difficult.
We show that mutual helicity does not have the properties of mutual inductance
even in the case of force-free fields (j = αB), where magnetic field and current lines
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coincide, and even in magnetic configurations which are formed only of magnetic
flux tubes closed on themselves (thus formally more comparable to current circuits
than open magnetic configurations). The mutual helicity of two close flux tubes is
defined by an integration along both flux tubes, known as the Gauss linkage number
(Equation (17)), which counts the number of times one flux tube turns around the
other one. The mutual inductance of two closed current channels is instead the
linkage of the magnetic flux created by one channel with the other channel.
When magnetic flux tubes cross the boundaryS of the volumeV where magnetic
helicity is computed (the normal component Bn = 0 on S), we cannot compute
the Gauss linkage number. Moreover, we cannot simply limit the integration of
Equation (17) to the parts inside V: e.g. a simple example of pair of field lines
limited to a finite V , such as those formed by a straight line and an helix, shows
that the result is not correct. Instead we can compute the helicity by progressively
forming the magnetic configuration: we successively bring elementary flux tubes
of the configuration in place and count the helicity injected by tracking the foot
point motions on S. The mutual helicity of a pair of flux tubes has two parts: a
first one which depends only on the position of the foot points on S and a second
which counts how much the flux tubes wind around each other. The first part is a
real number in the interval ] − 1, 1[ and the second part is a signed integer.
We conclude that the magnetic helicity can be computed as the summation
of the mutual helicity of all pairs of flux tubes multiplied by their fluxes. This
approach is applicable both for configurations formed by discrete flux tubes (finite
summation) and for configurations with continuous field (integration). However, the
main difference is that we need to add the self helicities in the case of discrete flux
tubes, while this contribution is included in the mutual helicities of the elementary
flux tubes for a continuous configuration.
The method sets closed and open configurations on an equal level: in both cases
we do not need to compute the reference potential field (although the results are
always equivalent to Equation (21)). Moreover, the helicity of closed configurations
can be seen as a particular case of the helicity of open configurations: the contribu-
tion of the foot points simply disappears (the closed configuration can be formed by
bringing the foot points of the associated open configuration together). On the other
hand, we can close any open configuration by a field outside V which is formed
only of arch-like flux tubes, and so we can associate to any open configuration a
closed configuration. The helicity of the closing field can be computed only as a
function of the foot point positions on S. It provides the difference of helicities
between the closed and open configurations.
The derived method does not rely on computing a vector potential field, but
rather uses only observable quantities: the normal field component at the boundary
and the flux tube linkages (connectivities and how each pair wind about each other).
This will permit us to estimate more directly coronal magnetic helicities. The main
concern here is the number of observable flux tubes. With a better spatial resolution
and a larger temperature coverage, a larger number of loops will become observable.
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Solar-B mission, which will be launched in 2006, will provide a major step in this
goal.
Appendix: Interior Angles in Spherical Coordinates
We can employ the same techniques as Section 3.3 to derive expressions for the
mutual helicity of two arches with foot points on a sphere. We will begin with flux
tube “a” already in place, with foot points a+ and a− at arbitrary positions on the
sphere. We cannot bring in elementary flux tube “c” from infinity, so instead we
imagine it emerging through the surface, forming first a dipole then with c+ and
c− moving away from each other until they reach their final positions. We then use
Equation (22) to calculate the helicity input during this process. However, we need
a new expression for Ap valid for a sphere of radius R.
Let Bn(θ, φ) be the radial component of the field at the point of the surface of
classical spherical coordinates (θ, φ). Then (Kimura and Okamoto, 1987) Ap = nˆ×
∇ψ , where ψ = −Bn, with  being the surface Laplace operator (the Laplacian
without the radial derivative term). The solution is
ψ(θ, φ) = − R
2
4π
∮
Bn(θ ′, φ′) ln 1 − cos ξ2 d
2x ′, (51)
where ξ is the spherical distance between (θ, φ) and (θ ′, φ′):
cos ξ = cos θ ′ cos θ + sin θ ′ sin θ cos (φ − φ′). (52)
We can build up the field using a sum of magnetic point charges at the surface;
these can be regarded as mathematical idealizations of intense photospheric flux
elements. But we do not wish to have magnetic monopoles beneath the surface! A
simple and effective method to prevent monopoles is to require that each surface
magnetic charge be accompanied by a uniform return flux of opposite sign. Thus
if the point charge has flux 0, then the entire sphere outside the point is covered
with a uniform field Bn = −0/(4π R2). Note that if two equal and opposite point
charges are placed on the sphere, their combined return fluxes cancel each other.
This method makes the mathematical analysis easier, even if in the end the return
fluxes all cancel out. (It also makes it easier to construct fields with n positive charges
of net flux , and m negative charges of net flux −, where m = n, although we
will not need to do this here).
As a simple example, consider a magnetic point charge situated at the North
pole. The field is
Bn = 0δ(θ )2π R2 sin θ −
0
4π R2
(53)
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with δ(θ ) the Dirac delta function. This gives
Ap = 04π R
sin θ
1 − cos θ
ˆφ. (54)
Thus Ap points in the azimuthal direction, tracing out latitude lines. The integral of
Ap around a latitude line equals the flux of the point charge, minus the return flux
enclosed above the line.
Suppose the magnetic charge is instead placed at some arbitrary position x ′ =
(θ ′, φ′). We will need a new spherical coordinate system (ξ, ψ) centred at (θ ′, φ′),
with co-latitude ξ = 0 there, and ψ the azimuthal angle. Note that the choice for
the location of ψ = 0 is arbitrary and can be chosen for convenience; however this
will not affect our final results.
A point at position x = (θ, φ) has coordinates (ξ, ψ) with ξ given by Equa-
tion (52), and ψ given by
cot ψx,x ′ = cos θ
′ cos(φ − φ′) − sin θ ′ cot θ
sin(φ − φ′) . (55)
Now suppose we place foot point a+ at position x ′ = (θ ′, φ′), so at the origin of
the spherical coordinates (ξ, ψ), and let flux tube “c” emerge and move to its final
position. The net helicity input will be proportional to the interior spherical angle
at a+,
αa+ = ψmc+,a+ − ψmc−,a+, (56)
where the superscript m acknowledges that the angle might be multi-valued. (Thus
the part of ψma+,c+ between −π and π can be computed from Equation (55)).
The negative foot point a− will also be present, so more angles ψmc+,a− and
ψmc−,a− will have to be computed. Again these can be done using Equation (55) with(θ, φ) now corresponding to the position of a−. The end result corresponding to
Equations (28) and (31) is
La,c = 12π
(
ψmc−,a+ − ψmc+,a+ + ψmc+,a− − ψmc−,a−
) (57)
= αa+ + αa− . (58)
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Abstract
With Flare Genesis Experiment (FGE), a balloon borne observatory launched in Antarctica on January 2000, series of high spatial
resolution vector magnetograms, Dopplergrams, and Ha ﬁltergrams have been obtained in an emerging active region (AR 8844). Pre-
vious analyses of this data revealed the occurence of many short-lived and small-scale Ha brightenings called ‘Ellerman bombs’ (EBs)
within the AR. We performed an extrapolation of the ﬁeld above the photosphere using the linear force-free ﬁeld approximation.
The analysis of the magnetic topology reveals a close connexion between the loci of EBs and the existence of ‘‘Bald patches’’ regions
(BPs are regions where the vector magnetic ﬁeld is tangential to the photosphere). Some of these EBs/BPs are magnetically connected
by low-lying ﬁeld lines, presenting a serpentine shape. This results leads us to conjecture that arch ﬁlament systems and active regions
coronal loops do not result from the smooth emergence of large scale X-loops, but rather from the rise of ﬂat undulatory ﬂux tubes which
get released from their photospheric anchorage by reconnection at BPs, whose observational signature is Ellerman bombs.
 2006 Published by Elsevier Ltd on behalf of COSPAR.
Keywords: MHD – Sun; Magnetic ﬁelds – Sun; PhotosphereR
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R1. Introduction
The standard model for the formation of classical bipo-
lar active regions relies on the gradual emergence through
the photosphere of a more or less homogeneous large-
scale sub-photospheric ﬂux tube, whose always present
an X-shape during the emergence process (Zwaan,
1985). During the emergence, the upper parts of the ﬂux
tube are believed to form growing chromospheric arch ﬁl-
ament systems (AFS) as observed in Ha which later result
in a system of large X-loops as observed in UV when they
expand in the corona. MHD models indeed show that a
large scale ﬂux tube generated in the tachocline can travel49
50
51
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E-mail address: etienne.pariat@obspm.fr (E. Pariat).through the whole convection zone under the action of
magnetic buoyancy (Fan et al., 2003). 2.5D MHD models
which couple the sub-photospheric region and the corona
show that when the ﬂux tube reaches the photospheric
layer, its passage through smaller and smaller pressure
scale heights and its arrival in a convectively stable layer
tends to decelerate its upward motion, to ﬂatten its upper
parts (leading to nearly uncurved and horizontal magnetic
ﬁelds), and eventually to stop its emergence (Magara,
2001). Unfortunately, in MHD calculations the whole ﬂux
tube never emerges. The situation seems less dramatic in
3D but even there Fan (2001) shows that the bottom of
the ﬂux tube never emerges due to the very dense material
which is trapped in the dipped portions of the magnetic
twisted ﬁeld lines. But these models do not include a com-
plete treatment of the transition between convectively
T52
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unstable and stable layers. More recent 3D simultations
of emergence of very twisted ﬂux tubes (Archontis
et al., 2004) or of pertubated stratiﬁed magnetic layers
(Isobe et al., 2005) show that reconnection may play a
important role in the emergence process.
In both cases, the questions which ﬁnally arise are
‘‘how can dipped ﬁeld lines emerge through the photo-
sphere?’’ and ‘‘Is there observational evidence of recon-
nection during the emergence process?’’. The objective
of this paper is to address this question by studying
the magnetic topology of an emerging active region,
using some data obtained from the balloon-borne Flare
Genesis Experiment (FGE).
2. Extrapolations of the magnetic ﬁeld
Active region NOAA 8844 consisted of two stable sun-
spots on January 24th and a rapid growth of emerging ﬂux
in the middle of the AR were observed early on the 25th.
Flare Genesis Experiment (FGE), launch in January
10–27, 2000 (Bernasconi et al., 2002), observed this region
during 3.5 h, and delivered 55 high resolution vector
magnetograms, 28 Dopplergrams of the photosphere and
28 Ha 0.8 A˚ ﬁltergrams of the chromosphere. The high
resolution magnetograms (pixel size 0.200) reveal an
extremely intermittent patterns of mixed-sign polarities at
small spatial scales.
The vector magnetograms allowed us to extrapolate the
ﬁeld above the photosphere. Using the vertical magneto-
gram as a boundary condition and assuming that electric
currents are aligned with B (the force free approximation),
the ﬁeld is given by resolving the following equation:
$ B ¼ aB where a is the force free parameter and is sup-
posed to be constant in the entire region in the frame of the
linear force-free approximation (lﬀf). a is a free parameter
and we must use the observation to ﬁx it. We found that:
af = 2.2 · 102 Mm1 was the value of a such as the direc-
tion of the photospheric horizontal ﬁeld directly derived
from the observed ﬁeld was the most similar to the direc-
tion of horizontal extrapolated ﬁeld in the center of the
active region, where our study takes place. Using the min-
imum residual method (Leka and Skumanich, 1999) for the
whole ﬁeld of view we had found an a equal to
2.07 · 102 Mm1. Using af we checked that some comput-
ed ﬁeld lines ﬁt well TRACE low coronal loops by overlay-
ing them in the observation reference system. Modifying
the value of a in the extrapolation, ﬁrst aﬀects the small
spatial frequencies, thus the large spatial scales. We
checked that changing a by several tenth of percent, does
not signiﬁcantly modify the general topology described
hereafter, but modify sensitively the ﬁeld lines used for
the comparison with TRACE. Whatsoever, we are aware
that the lﬀf approximation may not a priori give a correct
representation of the magnetic topology at low-altitude.
Nevertheless, since nonlinear models use ﬁnite-diﬀerence
methods, they cannot deal with small-scale features
involved here. But lﬀf method, employing Fast FourierE
D
P
R
O
O
F
Transform, can give a qualitatively correct representation
of the magnetic topology. The small scales magnetic polar-
ities, represent a strong boundary constraint for the low-
lying ﬁeld lines, which make us believe that the magnetic
topology would not be highly modiﬁed if one considered
more realistic approximations.
3. Serpentine ﬁeld lines
In Pariat et al. (2004), we showed that the ﬁeld of an
emerging active region assume an undulatory shape in
the low chromosphere. This result had been suggested by
Strous (1994), who found in an emerging active region an
area where the plasma presented parallel bands, perpendic-
ular to the emerging ﬂux, of successive downﬂows and
upﬂows. Our study reveals at least 6 groups of undulatory
ﬂux tubes in the low chromosphere. These undulated ﬂux
tubes are presented in Fig. 1. One important result is that
these serpentine ﬂux tubes are magnetically connected to
the photosphere by several Bald Patches (BPs). Bald Patch-
es are region of the photosphere located over an inversion
line (BZ = 0) where the magnetic ﬁeld line presents a posi-
tive curvature ðB  $Bz > 0Þ. If the ﬁeld satisﬁes the above
condition at a point above the photosphere, this point is
called a magnetic dip. A ﬁeld line going through a Bald
Patch belongs to a separatrix since it delimits regions of dif-
ferent connectivity and thus BPs ﬁeld lines are preferential
sites for reconnection. The serpentine ﬁeld line represented
are thus separatrices. They generally go through 2–6 BPs or
very low chromospheric dips (z < 0.5 Mm), and are
15–25 Mm long and 1–2 Mm height.
In Fig. 2 we present a characteristic example of an undu-
latory ﬂux tube (dark line) and its surrounding environ-
ment. Other serpentine ﬂux tubes are presented in Pariat
et al. (2004). Under the folds of serpentine lines there are
small lines (lowest lines in ﬁgures) connected to the photo-
sphere by one or two BPs. These lines rarely exceed 5 Mm
in length. Over serpentine lines, there are some BP-connect-
ed ﬁeld lines too (highest in the ﬁgures). These lines are
20–35 Mm long and 2–10 Mm high and are formed of
two very asymmetric lobes. Serpentine ﬁeld lines are lying
under the biggest lobes of these separatrices. This hierarchy
can suggest that the ﬁeld lines located at increasing alti-
tudes represent diﬀerent stages of a gradual ﬂux emergence.
Two questions naturally arise from this scenario: why do
the ﬂux tubes have undulatory shapes at low altitude,
and how can they dispose of the dense material trapped
in (and below) their photospheric dips (i.e. BP)?
4. Parker instability and magnetic reconnections
The answer to the ﬁrst question lies in the wavelengths
of the spatial undulations of the serpentine ﬁeld lines,
which are given by the distances between two BPs taken
sequentially along the ﬂux tube. These distances can either
be typical of convective scales present between both sun-
spots of the active region – such as 1 Mm for granulation
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Fig. 1. Six undulated ﬂux tubes located in the low chromosphere of AR8844 at 17:52. Each ﬂux tube is only represented with one ﬁeld line. (Left)
Background Ha 0.8 A˚ ﬁltergram. The black dots are the diﬀerents Bald Patches through which the separatrices are going. (Right) Projection view of the
undulated ﬂux. On the base plane, lines represent isocontours of Bz (z = 0) = ±100, 400 and 900 G.
a b
dc
Fig. 2. Example of an undulatory ﬂux tube: the light dots (noted BP 1 to BP 5) are the BPs and dips through which the serpentine line is passing.
(a) Position of the undulatory ﬁeld line on the vertical magnetogram. (b) Positions of the footpoints of the serpentine line (dark dots) on the Ha 0.8 A˚
ﬁltergram. (c) Projection view of the undulatory ﬂux. On the base plane, lines represent isocontours of Bz (z = 0) = ±50, 300, 900 and 1800 G. (d) Side view
of the undulatory ﬁeld line. The height of the BPs and dips are indicated in Mm.
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ARTICLE IN PRESSand 10 Mm for supergranulation, or typical of some MHD
instability. The ﬂux tube must be less dense than the sur-
rounding medium so as to ensure that buoyancy made pos-
sible its rise through the convection zone, also it isprobably very ﬂat with mostly horizontal magnetic ﬁelds
below the photosphere (Magara, 2001). So in the absence
of magnetic ﬁeld, the upper interface between the
sub-photospheric ﬂux tube and the photosphere should
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be Rayleigh–Taylor unstable to any perturbation of any
wavelength kx, where x is the horizontal direction. Qualita-
tively, this horizontal interface can be stabilized by magnet-
ic forces for pertubations having highly curved ﬁeld lines
whose magnetic tension can prevent the instability to devel-
op. Quantitatively, there is a critical wavelength kcx below
which magnetic tension is not suﬃcient to prevent the
instability:this is the Parker instability (Parker, 1966).
The value of kcx is 2 Mm for a photosphere with
T = 5800 K. Among six identiﬁed serpentine lines in our
extrapolation, we measured 29 values for kx, which are
plotted in the form of a histogram in Figure 9 in Pariat
et al. (2004). There is a very clear asymmetric peak around
3 Mm, which has a sharp cutoﬀ for values below 2 Mm.
This suggests that Parker instability is responsible of the
undulations of the serpentine ﬂux tubes. Fig. 1 shows that
serpentine ﬁeld lines are present in a spatial intermittent
way along an axis perpendicular to the axis of the active
region. This ﬁlamentary structure, may be due to the
Rayleigh–Taylor instability. Isobe et al. (2005) found such
features in their simulations. They also found evidence for
magnetic reconnection.
Reconnection may be the answer to our second question.
In Pariat et al. (2004) we found a good correlation between
BP separatrices and Ha brightenings, The Ha observations
reveal the occurence of numerous Ellerman bombs in the
interspot region of NOAA 8844. EBs are small intermittent
brightenings events which are observed in Ha wings
(1–10 A˚) within young emerging active regions, in particular
around their sunspots and under their growing AFS.
Georgoulis et al. (2002) recently found that EBs occur in
clusters which exhibit fractal properties, and their typical
parameters obey power-law distribution functions, as in case
of ﬂare events, with an index  2.1 in the case of EB. The
total energy of a typical Ellerman bomb is estimated in the
range [1027, 1028] erg, which indicates that EBs are sub-ﬂar-
ing events triggered by reconnections. As for the serpentine
ﬁeld lines presented in Pariat et al. (2004), the undulated ﬂux
tube of Fig. 2b shows that it is closely related to EBs, which
are located at the same positions than BPs. Here also, recon-
nections occurs along this undulated emerging ﬂux tube.
Even though our work does not address the details and the
precise altitude of the resistive eﬀects, the associatedmagnet-
ic reconnection is a good mechanism for restructuring the
ﬁeld lines so that the dense material stays below in small
reconnected ﬁeld lines whereas the large reconnected ﬁeldUlines get detached from the photosphere and become free
to expand.O
O
F
5. Conclusion
Using Flare Genesis magnetograms as a boundary con-
dition for a linear force-free ﬁeld extrapolation, we found a
hierarchy of serpentine undulatory ﬂux tubes located below
chromospheric altitudes, the Parker instability being
responsible of the undulations. Small arcades separated
by Bald Patches gradually rise from the photosphere and
form longer and longer arcades when they reach the chro-
mosphere. We conjecture that local reconnections occur
more or less sequentially all along the ﬂux tube, at every
Bald Patches, so that the serpentine lines gradually
becomes a standard X-loop. More details about this study
can be found in Pariat et al. (2004).260E
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